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The intrinsic quantum uncertainty between conjugate observables is a hallmark of quantum theory. 
Heisenberg’s uncertainty has been experimentally tested in elementary particles, molecules and mi-
croscopic objects. Uncertainties obtained from diffraction setups have the drawback that position and 
momentum are measured at different times in dissimilar regions. Joint measurements with alternative 
setups, have been performed with other complementary variables. A quantum optical realization of the 
position - linear momentum uncertainty in the quantum limit is presented here. The interference of two 
non-collinear photon modes with different frequencies are space and time resolved. Detection is per-
formed in the same space-time region, thus achieving a joint measurement. Evaluation of the photon 
momentum from the position versus time interferograms, makes this procedure akin to the mechanical 
momentum construct. The obstruction that the position precision imposes on the momentum deter-
mination is directly visualized. The measured uncertainties �x �px ∼ 2 ̄h, consistent with Hesienberg’s 
principle, discern between two theoretical proposals.

© 2022 Elsevier B.V. All rights reserved.
1. Introduction

The position and momentum of a particle in the quantum realm 
cannot be both determined with arbitrary precision. This limita-
tion is not due to the imperfections of the measuring apparatus 
where more refined devices can produce more accurate results, but 
an uncertainty that is ever present even with the most sophisti-
cated equipment. But why do these limitations arise and how are 
they observed? There is an aura of mystery regarding the existence 
of this uncertainty at a fundamental level in the quantum world 
but apparently not present in the classical realm. These and other 
queries have been addressed in diverse publications from the out-
set of quantum theory, mostly from a theoretical standpoint [1–4].

Formally, Heisenberg’s uncertainty principle arises from the 
non-commutativity between operators representing dynamical 
variables [5]. The uncertainty relationship establishes the limit 
with which conjugate variables can be observed
�A�B ≥ 1

2 | 〈AB − B A〉 |. The position-momentum uncertainty

�x �px ≥ h̄
2 is a consequence of the commutator relation [̂x, p̂x] =

x̂̂px − p̂x̂x = ih̄ between the canonical conjugate position x and 
momentum px observables [6]. �� ≡

√〈
�2

〉 − 〈�〉2 represents the 
standard deviation of �, x or px in this case.
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Three types of uncertainty relationships are acknowledged: i) 
Preparation uncertainty relations, constraining the sharpness of 
the distributions of complementary observables. These measure-
ments are performed on an ensemble of identically prepared quan-
tum systems. ii) Simultaneous measurement relations, involves 
the product uncertainty of any joint measurement of complemen-
tary observables. iii) Measurement - disturbance relations (MDR), 
where the measurement of one observable alters its complemen-
tary pair. The observer’s unavoidable disturbance upon measure-
ment becomes of paramount importance. MDR required a refor-
mulation of the uncertainty inequality [7] that has been tested in 
recent experiments [8–10]. Here we are mainly concerned with i) 
and ii).

Confirmations of position-momentum Heisenberg’s preparation 
uncertainty have been reported with various particles, for example, 
diffraction of neutrons [11] and fullerene molecules [12]. Photon 
diffraction was observed from the outset of quantum theory but 
is still debated in terms of momentum exchange or classical wave 
theory [13,14]. However, these experiments do not constitute di-
rect tests of the uncertainty relations in a strict sense; while the 
position uncertainty is determined by the diffracting slit width, 
the momentum is inferred from the position distribution at a later 
time when the particles hit the detection screen [15]. Joint mea-
surements have been reported with different observables other 
than position and linear momenta, such as the quantum phase 
[16], amplitude-phase squeezed states [17], the Q-function [18], 
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Fig. 1. Schematic diagram of the experimental arrangement. An acousto-optic modulator (AOM) selects 50 ns segments of the two independent CW Nd:YAG monomode lasers. 
The setup is equivalent to a Young’s two slit experiment but each ‘slit’ is illuminated by an independent laser. The expanded beams overlap at the streak camera input plane, 
where a variable slit can be used to select the spatial acquisition �x range. The photons hit the photocathode detector after the input optics de-magnifies the image by 2. 
The electron beam is swept in the y direction (time axis). A multichannel plate (MCP) is used as image intensifier, an optical fiber tapper couples the light onto a CCD. A two 
dimensional image is thus acquired that displays the photons density as a function of distance x versus time. (Optical beams drawn in red, electron paths drawn in green.) 
(For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
polarization observables [19], spin components [10] and unitary 
operators [20].

Quantum optical systems are particularly well suited to address 
diverse quantum phenomena, such as decoherence and entangle-
ment. However, there is one caveat in the �x �px scenario. It is 
not possible to describe formally the position of photons, usually 
referred in the literature as spatial localization [21]. The underly-
ing reason being that “There is, strictly speaking, no such a thing 
as a ‘photon wave function’ [22, p. 24]”. The Riemann-Silberstein 
vector has been recognized as the most adequate complex mathe-
matical object endowed with most of the required properties [23]. 
A workaround to photon localization has been to recast the posi-
tion in terms of the photon energy density [24]. Nonetheless, from 
an experimental point of view, the problem is much simpler, “A 
photon is where the photodetector detects it. [25]” It is actually 
more appropriate to modify the tense “A photon was where the 
photodetector detected it.” because the detection process annihi-
lates the photon.

2. Experimental setup

Two fundamental wave phenomena are exhibited by first order 
interference, beating and interference fringes. These two manifes-
tations correspond to the perturbances superposition in the tem-
poral or spatial domain. In optical interference fringe setups, the 
beams are usually derived from the same source. In contrast, tem-
poral interference is commonly achieved with two sources having 
different frequencies. In this experiment, both phenomena, beat-
ing and fringes are simultaneously observed. To this end, we used 
two carefully stabilized continuous wave Nd:YAG monomode laser 
sources, with coherence time greater than 300 ns [26]. Highly at-
tenuated 50 ns segments of these beams were isolated with an 
acousto optic modulator (AOM) and their superposition observed 
with a streak camera.

2.1. Light sources

The experimental setup in order to measure the position and 
momentum of the photon ensemble is shown in Fig. 1. The two 
lasers are truly independent, not even a common trigger is used 
since the CW beams are obturated after emission. This feature 
was necessary to insure that their superposition could be repre-
sented as a two mode factorizable state in a welcher-weg exper-
iment [27]. The stringent stability conditions in order to observe 
spatio-temporal interference were met as follows. Two intracavity 
frequency doubled 50 mW monomode Nd:YAG lasers (AOTK 532Q) 
were used with reported coherence length larger than 100 m and 
long term pointing stability better than 10−5 rad [26]. The internal 
2

temperature control was disconnected in order to take full con-
trol externally. The temperature of each laser was monitored with 
a 100 � platinum resistance. Each laser was independently con-
trolled with a Peltier module attached to its base. A temperature 
controller (SRC10) provided the electronic feedback to maintain a 
stable temperature within 0.01 °C. The wavelength of each laser 
was initially monitored with an spectrometer (Spex1704) with 
0.1 Å minimum scale resolution (�ν =12.7 GHz at 5320 Å). The 
initial wavelengths of the lasers before temperature tunning were 
λcheb = 5317.58 ± 0.05 Å and λoxeb = 5318.33 ± 0.05 Å. Once the 
frequencies of the two lasers were temperature tuned to overlap in 
the monochromator measurement, a marginal temperature scan of 
one laser was performed until fringes were observed in the streak 
camera (Optronis SC-10). Fluctuations in the lasers wavelengths al-
though tiny, were large enough to produce fringes with different 
slopes from image to image.

The laser beams were both focused into the same crystal of an 
acousto optic modulator (AOM) in order to produce 50 ns tempo-
ral segments of the CW beams. The AOM uses a TeO2 crystal with 
10/10 ns, 10% to 90% rise/fall time for a 55 μm beam-waist. The 
AOM first order deflection angle is 25 mrad with a diffraction fre-
quency shift of 210 MHz. One laser beam, codenamed cheb, was 
incident at normal incidence on the crystal and diffracted in first 
order (210 MHz). The other laser beam, codenamed oxeb, was in-
cident at 17 mrad approximately on the crystal and operated in 
second order (2×210 MHz). There was thus a 210 MHz frequency 
difference that was compensated by the lasers temperature tuning. 
Half wave retardation plates were used at the output of each laser 
to adjust the polarization plane in order to improve fringe visibil-
ity. A Galilean 10× beam expander was used to increase the beam 
diameters in order to fill the photocathode detector long axis (8 
mm). The beams collimation was adjusted with the aid of a shear 
interferometer. The two collimated beams are thereafter incident 
on the streak camera at an angle of 0.14 mrad between them in 
order to have comfortably resolved interference fringe maxima.

It is not easy to guarantee experimentally that the angle be-
tween the two collimated beams is equal and opposite to the 
normal at the detector’s plane. Cartesian coordinates are set with 
z normal to the detector surface and the fields are linearly po-
larized in the y direction. Consider two different arbitrary angles 
α1, α2 close to the normal but not necessarily symmetrically op-
posite to it. Introduce the angle α that bisects these two angles, 
α1 = α − θ and α2 = α + θ . The wave vectors difference in the 
x direction is then δkx = kx2 − kx1 = δk sinα cos θ + 2k̄ cosα sin θ . 
Since angles are small, approximating the cosines to first order, 
δkx ≈ δk sinα + 2k̄ sin θ . Additionally, the wavevector magnitudes 
are very similar, thus δk 	 2k̄. For example, at an angular fre-
quency difference of �ω = 1 GHz, ω1 + ω2 ≈ 2 × 3.542 × 1015 Hz, 
gives a quotient δk = �ω ≈ 1.411 × 10−7. The wave vectors dif-
2k̄ 2ω̄
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ference in the x direction is then δkx ≈ 2k̄ sin θ , independent of α. 
In the z direction, δkz = kz2 − kz1 = δk cosα cos θ − 2k̄ sinα sin θ . 
Approximating the cosine factors to one, the spatially dependent 
interference argument evaluated at the plane z = z0 is δk · r =
2k̄ sin θ y +

(
�k − 2k̄ sinα sin θ

)
z0. Thus, if the incidence of the 

two beams is not symmetrical with respect to the normal, only the 
phase term in the z direction is significantly modified for small an-
gles. However, in our experiment, this term is constant and does 
not affect the fringes slope.

2.2. Time and space resolved detection

A streak camera is an optical version of a multichannel elec-
tronic oscilloscope. At the entrance slit, light falls on a photocath-
ode (8 mm x 2 mm in the x and y directions respectively) placed 
on the inner part of a vacuum tube. A photoelectron is emitted 
at the streak camera photocathode if a photon is present at (x, t). 
The photo-electrons are swept in the y direction, perpendicular to 
the long axis. In this way, a two dimensional position versus time 
image is produced.

At sweep speeds of 10 ns/mm with the TSU-12-10 unit, fringes 
are observed in the streak camera for frequency differences be-
tween the two laser sources below 1 GHz. There are two perpen-
dicular slits at the streak camera entrance. In the y direction, the 
slit is barely opened at δy = 15 μm to allow for maximum tempo-
ral resolution. The temporal sweep is performed in the y direction 
with 0.34% resolution of the full sweep time. In the x direction, 
the slit can be varied from 0 to 15 mm. The input optics, located 
just after the slits, focuses the image at the photocathode with a 1

2
de-magnification. The low noise photocathode has dark counts of 
100 e−/cm2 s (Photek ST-LNS20 with ×2.03 magnification). A pho-
toelectron is emitted with s = 10.37% quantum efficiency at the 
streak camera photocathode. The photo-electrons are accelerated 
and swept in the perpendicular direction to the photocathode long 
axis. The image formed when the electrons reach the first phos-
phor screen is amplified via a multichannel plate and thereafter 
steered by a fiber tapper (25/11.5) to the CCD (Anima-PX/25, 19.5 
x 14.9 mm2, 12 bit A/D, 1392 × 1024 pixels). Spatial and tem-
poral resolution at the screen are 70 μm and 66 μm, respectively. 
The reported distances correspond to the coordinates at the device 
input plane, which are twice as large as those on the photocath-
ode due to the input optics demagnification. This scaling does not 
alter the �x �px products because as the distance is halved, the 
momentum, via the inverse of the slope, is doubled.

Streak images cannot be accumulated in this experiment be-
cause the frequency and relative phase between the two lasers 
vary stochastically from sweep to sweep. For this reason, the fringe 
pattern was recorded in single exposures with a time duration (50 
ns) well below the coherence time (300 ns). Single shot measure-
ments by spectral phase interferometry and ultrashort pulses have 
also been successfully reported for other purposes [28]. A 3 Hz ac-
quisition repetition rate was used to store the digital images in 
real time. The beams attenuation and the MCP gain was adjusted 
to attain, on average, one record per bin at the most. Images with 
only two levels of gray (black/white) are then noisy but evince the 
discrete nature of the fields. Recordings at much higher intensities 
with 256 levels of gray produce smoother images and reduce the 
noise dramatically but the discrete nature of the phenomenon is 
no longer evident.

3. Quantum photo detection probability

The quantum field representation of the two electric field op-
erators with linear polarization and positive frequency part are 
Ê(+)

(r) = iE (1) exp (i k1 · r) â1 and Ê(+)
(r) = iE (1) exp (i k2 · r) â2. 
1 1 2 2

3

The one-photon amplitudes are E (1)
1 , E (1)

2 and â1, â2 are the an-
nihilation operators for modes 1 and 2 respectively [29]. The 
quantum photo detection probability is w (r, t) = s 

〈
ψ1,2−qc (t)|

Ê(−) (r) Ê(+) (r) | ψ1,2−qc (t)
〉
, where Ê(−) (r) is the Hermitian con-

jugate of Ê(+) (r). The photo detection interference is

w (r, t) = s
(
E(1)

1 E(1)
2

)2 (
α1α

∗
1 + α2α

∗
2 + α∗

1α2

× exp [i ((k2 − k1) · r − (ω2 − ω1) t)] + c.c.
)
. (1)

The photon beams with frequencies ω1 and ω2 propagate parax-
ially to the z direction, at a small but opposite angle of θ ≈
0.07 mrad in the 

(
êx, êz

)
plane. Their wave vectors are k1 =

kx1 + kz1 = −k̄ sin θ êx + k̄ cos θ êz and k2 = kx2 + kz2 = k̄ sin θ êx +
k̄ cos θ êz , respectively. The phase of the interference term as a 
function of the transverse distance x and time t is

φ = 2k̄ sin θ x + δk cos θ z0 − δω t, (2)

where 2k̄ = k1 + k2, δk = k2 − k1 and δω = ω2 − ω1. To avoid 
confusion, lower case δ is used for differences between the two 
modes and capital � is utilized exclusively for uncertainties. Since 
the fields superposition is observed at a detector placed at the 
z = z0 plane, the term δk cos θ z0, only adds a constant phase shift. 
When the two frequencies are different, the constant phase sur-
faces evolve in both, time and space. In contrast, constant wave-
fronts in frequency degenerate setups entail spatial coordinates 
alone. The slope of the equal-phase planes is

dx

dt
= δω

2k̄ sin θ
. (3)

The fringes are therefore displaced in time with a velocity dx
dt . The 

photon momentum in the x direction for mode 2 is

px êx = h̄kx2 = h̄
δω

2

(
dx

dt

)−1

êx, (4)

whereas the photon momentum for mode 1 has the opposite sign, 
h̄kx1 = −h̄kx2. The frequency difference δω and the fringes slope 
are measurable from experiment, thus the px photon momentum 
can be readily evaluated in this way. The momentum uncertainty 
written in terms of the maximum and minimum slopes is

�px = h̄
δω

2

⎛
⎜⎝

(
dx
dt

)
max

−
(

dx
dt

)
min(

dx
dt

)
max

(
dx
dt

)
min

⎞
⎟⎠ . (5)

Thus, the momentum uncertainty is proportional to the uncer-

tainty in the slope 
(

dx
dt

)
max

−
(

dx
dt

)
min

.

4. Experimental rationale and results

A streak camera single shot image of the interference between 
the two modes with different directions is shown in Fig. 2. The 
fringes slope would be zero (horizontal) if the two photon beams 
had the same frequency and infinite (vertical) if the two beams 
had the same wave vector direction. The inclination reveals that 
they have different frequency and their wave vectors are not par-
allel.

Each point in the streak camera image, either bright or dark, 
represents a quantum test. This test establishes whether a photon 
arrived at position x of the photocathode at a given time t . In-
dividual and sequential quantum tests are discussed at length in 
[30, p. 27, p. 237]. Each streak camera image involves two sets of 
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Fig. 2. a) The streak camera image records the photons that hit the detector array 
as a function of position (ordinate) and time (abscissas). b) The time dependence of 
the number of photons (proportional to the intensity I in a.u.) is obtained from the 
spatial average of the region of interest (ROI), drawn in green. The beat frequency 
between modes δω, is obtained from this plot. Signal is noisy because highly atten-
uated photon beams with a few number of photons per nanosecond were used.

quantum tests: one in the spatial domain and another in the tem-
poral domain. In the x direction, the electrons in the photocathode 
long axis act as a set of spatially distributed detectors. For each 
x position, there is another set of consecutive quantum tests that 
probe the dynamical evolution of the quantum system. This set is 
depicted in the abscissas time axis. These events are amplified by 
the MCP and recorded in the 1024 × 1392 = 1.425 × 106 detec-
tors at the CCD. Thus, each streak camera interferogram comprises 
106 quantum trials (order of magnitude).

The temporal dependence of the number of photons is obtained 
if their number is summed up in a small spatial region and plotted 
as a function of time. This ROI is depicted in green in Fig. 2. The 
corresponding graph exhibits the beating of the two frequencies. 
From this set of sequential quantum tests, the frequency difference 
is δω = 717 ± 19 MHz.

The outcome of the quantum tests when the input slit is fully 
opened to encompass the region where interference takes place, is 
shown in Fig. 3. The position uncertainty is �x = 9.31 × 10−3 m. 
Let us reflect on the meaning of this assertion. In the prevailing 
Copenhagen view of quantum mechanics, or its modern quantum 
Bayesian version, the theory is intrinsically probabilistic [31]. A 
prediction can only be related to observation in an statistical way 
given by Born’s rule. At a given time t , the prediction of where 
the next photon will be detected, is given by Eq. (1), the quan-
tum photo detection probability w (x, t). The photon’s position x
is restricted by the detector dimensions, the slit width �x in this 
case. From the experimenter point of view, the next photon may 
fall anyplace within the slit aperture �x. The fish-tail hard aper-
ture (streak camera input slit) or the equivalent masking of the 
recorded data, establish �x in this experiment. Thus, the position 
observation (preparation) is inside the finite interval of length �x
with probability 1, as required in [32]. By probability 1, what is 
4

Fig. 3. The input slit of the steak camera is wide opened to 10.12 mm. The 
fringes slope is unmistakable and its uncertainty is small (max-min yellow slopes). 
�x = 9.31 × 10−3 m and �px = h̄ × 1.211 × 102 m−1, the uncertainty is �x �px =
1.128 ̄h > h̄

2 .

meant is that all the detected photons lie within �x (almost a tau-
tology). In terms of a distribution function, the overall width �x is 
being measured [33, p. 933]. Photons outside �x are irrelevant, 
furthermore, recall that non detected photons are not spatially lo-
calized.

The momentum uncertainty �px is directly proportional to the 
difference of the maximum and minimum slopes (5). The slopes 
extrema were drawn by hand prior to any �x�px calculation to 
avoid any bias. An arbitrary dark fringe was chosen and parallel 
slopes to the median were drawn (the distance between them was 
roughly half the distance between fringe maxima). The slopes ex-
trema were obtained from the diagonals of the parallelogram. Their 
coordinates were obtained from the tooltips of the digital record-
ings.

The fringes slope (green in Fig. 3) is dx
dt = 0.449 mm/ns, 

whereas the maximum and minimum slopes (in yellow) are (
dx
dt

)
max

= 0.499 mm/ns and 
(

dx
dt

)
min

= 0.427 mm/ns respectively. 
The momentum, from (4) is

px êx = h̄ × 7.987 × 102 m−1 êx.

From the minimum and maximum slopes, the maximum and 
minimum momenta are px-max = h̄ × 8.398 × 102 m−1, px-min =
h̄ × 7.187 × 102 m−1 respectively. The momentum uncertainty is 
obtained from their difference, �px = h̄ × 1.211 × 102 m−1. The 
product of uncertainties is

�x�px =
(

9.31 × 10−3
)

×
(

h̄ × 1.211 × 102
)

= 1.128 h̄ >
h̄

2
.

The measured �x �px is 2.26 times the minimum achievable 
quantum uncertainty. Let us compare these results with the de-
vice’s accuracy. The instrumental position resolution is �xinst =
70 μm, well beyond the photons position spread. At 2.5 ns/mm
sweep speed, the temporal resolution is 0.2 ns, where from, the 
momentum instrumental resolution for a 0.449 mm/ns slope, is 
�px inst = h̄ × 0.284 × 102 m−1. This value is four times smaller 
than the quantum momentum uncertainty �px . Therefore, it is 
clear that the photons position and momentum predominant uncer-
tainties, do not arise from the instrumental resolution but are due to the 
quantum nature of the system.

If the input slit is limited to a smaller aperture, the photon po-
sitions are restricted to a smaller �x = 2.01 × 10−3 m interval as 
shown in Fig. 4. This result is equally obtained if the streak cam-
era image is masked in the x axis to the corresponding �x range. 
The fringes slope (in green) is dx = 0.404 mm/ns, where from 
dt
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Fig. 4. The position spread �x is reduced to ≈ 2 mm (ordinate axis). The fringes 
slope is still noticeable but the maximum and minimum slopes (in yellow) interval 
is widened. The position uncertainty becomes sharper but the momentum is less 
well defined. �x = 2.01 × 10−3 m and �px = h̄ × 1.227 × 103 m−1, the uncertainty 
is �x �px = 2.464 ̄h > h̄

2 .

Fig. 5. The position spread �x is further reduced to 0.36 mm. The fringes slope is 
‘guessed’ in green with the maximum and minimum slopes depicted in yellow. The 
inclination of the fringes is not discernible.

px êx = h̄ × 8.876 × 102 m−1 êx . From the slopes extrema, the max-
imum and minimum momenta are px-max = h̄ × 15.660 × 102 m−1

and px-min = h̄ × 3.383 × 102 m−1. The momentum uncertainty is 
�px = h̄ × 12.277 × 102 m−1 and the product of uncertainties is

�x�px =
(

2.01 × 10−3
)

×
(

h̄ × 12.277 × 102
)

= 2.464 h̄ >
h̄

2
.

The position uncertainty was reduced but there was a momentum 
uncertainty increase consistent with Heisenberg’s principle. Notice 
that the decrease/increase of the complementary variables uncer-
tainties is directly visualized from the experimental results.

If the spatial spread is further reduced, regions with a high 
and low density of photon specks are observed as a function of 
time (see Fig. 5). Namely, the beating where from the energy dif-
ference was obtained from the rectangular ROI in Fig. 2. How-
ever, we can hardly speak of a momentum measurement since 
it is a wild guess what the slope is and the slope uncertainty 
is huge. Nonetheless for the slope (in green) the momentum is 
px êx = h̄ × 4.34 × 101 m−1 êx . The momentum uncertainty �px =
h̄ × 7.65 × 103 m−1 is much larger than px , so that px ± �px/2
can even be either positive or negative. The position spread is 
�x = 3.56 × 10−4 m. The uncertainty relationship is

�x�px =
(

0.356 × 10−3
)(

h̄ × 76.5 × 102
)

= 2.7 h̄ >
h̄
.

2

5

Again, the position uncertainty is further reduced but the momen-
tum uncertainty becomes even larger.

Notice that the position sharpness does not hinder the preci-
sion in the energy measurement. The energy difference between 
the two modes E = h̄ δω = h̄ × (7.17 ± 0.19) × 108 Hz, was evalu-
ated from the time vs. intensity graph in Fig. 2. We could in fact, 
extend the time measurement (longer sweep times) to improve the 
precision in E while keeping �x very small. Since x does not vary 
in time within the observed segment for a given z0, it commutes 
with the Hamiltonian dx

dt = i
h̄ [H, x] = 0, thus, position x and energy 

can both be evaluated to arbitrary precision.

5. Discussion and conclusions

This experiment demonstrates that it is actually possible to 
perform a joint measurement of position and momentum in an en-
semble, in this case a 9 mm spatial region with 50 ns time span. 
Quantitatively, the �x �px reported uncertainties are 1.128 ̄h, 
2.464 ̄h and 2.723 ̄h. Similar outcomes were obtained from many 
other measurements. The larger values compared with the 0.5 ̄h
quantum limit are likely to be due to an over estimate of the 
max-min slopes values. This result is not surprising considering 
that the slopes extrema were not obtained at one standard devia-
tion but by a crude maximum/minimum geometrical parallelogram 
method. Some authors have suggested that the uncertainty rela-
tionship should be �x �px ≥ h

2 , that in terms of h̄ is �x �px ≥ π h̄
[34,32]. The outcome of our experiments rule out this possibil-
ity, provided that our uncertainty estimates are equal or larger 
than the effective (overall) width of the distribution functions [33], 
since all reported values in units of h̄ are smaller than π .

In the classical limit, ostensibly no uncertainty is present since 
lim
h̄→0

{
�x�px ≥ h̄

2

}
= �x �px ≥ 0. However, recall that the photon 

linear momentum is h̄kx , so that lim
h̄→0

{
�x h̄�kx ≥ h̄

2

}
= �x �kx ≥

1
2 is non zero even in the classical limit. The uncertainty persists 
due to the wave nature of the electromagnetic fields, and hence 
the widths of Fourier transform pairs, is still present in the classi-
cal limit. An altogether different case would arise if the product of 
the photon number - phase uncertainties product 

√〈N〉�φ were 
considered. Fock states have a well defined photon number but in-
terference is not describable in terms of these states because the 
phase is random. Coherent states are commonly used in quantum 
optics in order to describe quantum interference, but then the pho-
ton number is not well defined. For minimum uncertainty states 
and in particular for coherent states, the number of photons N

is described by a Poisson distribution [29, p. 368]. If we measure 
the total number of photons (spots on the interferograms) in dif-
ferent images, these values, for a large number of images, should 
have the form of a Poisson distribution. In the limit of macroscopic 
fields and small quantum fluctuations, N and the phase φ fluctu-
ations look like complementary variables �N�φ ≥ 1

2 . But let us 
insist, this number is not relevant for the �x�p evaluation as long 
as there are enough photons to distinguish the fringes.

The position and momentum are being measured in coordinate 
space, that is where we live. For this reason, each detected photon 
can be localized at a point in (x, t). Momentum, the complemen-
tary variable, requires a large set of photons to establish its value 
(slope). In momentum space, the converse applies, the momentum 
of each photon is known but an ensemble is needed to establish 
their position. In the present experiment, the ensemble measure-
ment is performed in a �x region (0.3 to 9.3 mm) for a very short 
duration, namely 50 ns. In this space-time interval, the position 
and momentum of the ensemble were jointly measured.
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