
2019 PhotonIcs & Electromagnetics Research Symposium — Spring (PIERS — SPRING), Rome, Italy, 17–20 June

Tiered Structure of Maxwell’s Equations
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Abstract— The electric and magnetic fields can be written in terms of two vector potentials
A and C with the corresponding scalar potentials φA and φC . It will be shown, that with the
appropriate definitions, the relationship between the vector potentials A and C is equivalent to
the relations between the E and B fields. These potentials can in turn be described in terms of
other potpotentials A(2) and C(2) and the process can be carried out ad infinitum. The tiered
structure is first shown in the temporal gauge where the scalar potentials are zero. Thereafter,
the procedure is recreated in the Lorenz gauge. In this gauge, the potpotentials A(2) and C(2)

are equal to scaled Hertz vectors. This procedure is a novel and simple derivation of the Hertz
polarization potentials.

The continuity equation of the rotational content of the EM field is evaluated in the second
tier. These results are compared with the well known helicity density and flux definitions. The
assessed density and its flow can be mapped from one tier to the next, by evaluation of the time
derivative of each of the field functions involved prior to taking the products.

1. INTRODUCTION

The vector potentials have acquired a prominent role in the description of the electromagnetic field
angular momentum content. The optical helicity density is defined as %

AC
= µε(A · B − C · E),

where A is the usual vector potential and C is a second vector potential [1, 2]. There is an ongoing
discussion regarding the physical significance of these quantities and its relationship with gauge
invariance [3]. These vector potentials can in turn be written in terms of other potentials and the
process can be continued indefinitely. However, depending on the gauge, it is possible that the
scalar potentials may act as sources of the vector potentials.

The Hertz vectors or polarization potentials are field transformations that are particularly well
suited to solve problems involving with known external polarization densities but in the absence
of charges and currents [4]. The procedure to introduce them is somewhat unusual. The inhomo-
geneous wave equations for the scalar and vector potentials are written isolating the polarization
sources on one side of the equation. Thereafter, the Hertz vectors are introduced “in a form paral-
leling the structures” of the polarization sources [5, p. 281]. In vacuum, the electric Hertz vector
naturally arises as consequence of the transversality of the electromagnetic fields [6]. This vector
can be written as the product of a scalar potential and a constant vector.

In this work, the equations in terms of the potentials in the temporal or Coulomb gauge is firstly
derived. The procedure is carried on to a second set of potentials and a recursive formula for the jth
set of potentials is presented. The problem is then undertaken in the Lorenz gauge. To this end, the
scalar potential associated with the vector potential A is taken into account. The electromagnetic
fields are then written in terms of the second vector potentials in the Lorenz gauge. These potentials
are shown to be equivalent to the Hertz vectors. Within the second tier, the continuity equation
for the rotational content of the EM field is then derived using the complementary fields approach.
The conserved density and its flow are compared with previous results.

2. SETS WITH MAXWELL EQUATIONS STRUCTURE

The electromagnetic equations in vacuum are (SI units)

∇ ·E = 0, (1a)
∇ ·B = 0, (1b)
∇×B = µε∂tE, (1c)
∇×E = −∂tB. (1d)

where E and B are the electric and magnetic fields, µε = 1
c2 , where c is the speed of light in vacuum.
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2.1. Vector Potentials
It is common practice to write the electromagnetic fields in terms of the vector A and the scalar φA

potentials. A second vector potential C can be introduced [1, 2], such that in SI units, B = −∂tC
and E = − 1

µε∇ × C. In a symmetric fashion with its A counterpart, the time derivative of the
vector potential C is now related to the magnetic field whereas its curl is proportional to the electric
field. The fields in terms of the magnetic A and electric C vector potentials [7, 2] are

E = − 1
µε
∇×C = −∂tA. (2a)

B = ∇×A = −∂tC, (2b)

where the scalar potential φA has been set to zero. This is always possible because a second vector
potential is being included. The fields can be substituted in terms of the time derivatives of the
vector potentials in the electromagnetic Equations (1a)–(1d). Subsequent temporal integration of
all terms, gives a new set of equations for the two vector potentials. From the divergence of (2a)
and (1a) ∇ · E = −∂t∇ · A = 0. From the divergence of (1b) and (1b) ∇ · B = −∂t∇ · C = 0.
Perform a temporal integration of these equations and set the integration constant equal to zero.
The set of equations for the A and C vector potentials are

∇ ·A = 0. (3a)
∇ ·C = 0. (3b)
∇×C = µε∂tA. (3c)
∇×A = −∂tC. (3d)

These equations have the same structure and are formally equivalent to Maxwell’s equations but
they are now satisfied for the potentials. Traditionally, A is referred to as the magnetic vector
potential. However, notice that due to the sign in (3d) and the constants1 in (3c), A plays the role
of E and C plays the role of B. From this point of view it seems more appropriate to refer to A
as the electric vector potential and C the magnetic vector potential. This procedure, as has been
mentioned before [8], can be repeated again ad infinitum.

3. VECTOR POTPOTENTIALS

Consider the next tier, the choice of coefficients is not entirely arbitrary if the same structure is to
be repeated. Let the A and C vector potentials in terms of the ‘potpotentials’ A2 and C2 be

A = c1∇×C2 = −∂tA2, C = c2∇×A2 = −∂tC2.

Evaluate B = ∇×A = −∂tC with the replacements A = −∂tA2 and C = c2∇×A2. Then B = ∇×
(−∂tA2) = −∂t(c2∇×A2), and thus c2 = 1. On the other hand, evaluate E = −∂tA = − 1

µε∇×C,
replacing A = c1∇×C2 and C = −∂tC2, the electric field is E = −∂t(c1∇×C2) = − 1

µε∇×(−∂tC2),
then c1 = − 1

µε . The potentials in terms of the potpotentials are

A = − 1
µε
∇×C2 = −∂tA2, (4a)

C = ∇×A2 = −∂tC2. (4b)

The choice of A2, C2 has been made such that the former always plays the role of the electric field
and the latter of the magnetic field. From (3a) and (4a)

∇ ·A = −∂t∇ ·A2 = 0.

From (3b) and (4b)
∇ ·C = −∂t∇ ·C2 = 0.

Perform a temporal integration of the divergence equations and set the integration constant to zero.
Notice that setting the integration constants to zero amounts to stating that the divergence of the

1If natural units were used, c = 1; The only clue would then come from the sign difference bewteen the curl equations.
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potentials is zero. This state of affairs is analogous to Maxwell’s equations for the fields, where
for example, the divergence of the Faraday equation is ∇ · (∇× E) = 0 = −∂t∇ ·B. Nonetheless
the ∇ ·B = 0 equation has to be stated to insure that the integration constant is zero. The set of
equations for the electric A2 and magnetic C2 vector potpotentials are

∇ ·A2 = 0. (5a)
∇ ·C2 = 0. (5b)
∇×C2 = µε∂tA2. (5c)
∇×A2 = −∂tC2 (5d)

These equations again are equivalent to Maxwell’s equations but are now satisfied by the second
order potentials. The fields in terms of the potentials and the recursive relationship between
potentials is

E = − 1
µε
∇×C1 = −∂tA1. Aj = − 1

µε
∇×Cj+1 = −∂tAj+1, (6a)

B = ∇×A1 = −∂tC1, Cj = ∇×Aj+1 = −∂tCj+1, (6b)

for j from 1 to n.

4. TIERED STRUCTURE IN THE LORENZ GAUGE

The Lorenz gauge condition is

∇ ·A = − 1
c2

∂tφA. (7a)

The electric field, given in the previous case by (2a), is now written in terms of the scalar and
vector potentials,

E = − 1
µε
∇×C = −∂tA−∇φA. (7b)

The expression for the magnetic field (2b), is unaltered. The set of differential equations for the
potentials is modified for two of them, (3a) is replaced by the Lorenz condition (7a) and (3c) is
replaced by (7b),

∇ ·A = −µε∂tφA. (8a)
∇ ·C = 0. (8b)
∇×C = µε∂tA + µε∇φA. (8c)
∇×A = −∂tC (8d)

From the curl of (8d), substitution from (8c) and the gradient of (7a),

∇×∇×A = −∂t∇×C = −µε∂2
t A +∇ (∇ ·A) .

From the vector identity ∇×∇×A = ∇(∇ ·A)−∇2A, the expected homogeneous wave equation
for A in the Lorenz gauge is obtained

−∇2A = −µε∂2
t A.

For the next level, choose

A = −∂tA2, φA = −∂tφA2, C = ∇×A2 = −∂tC2. (9)

From the time integral of (8c) and (9),

A +
ˆ
∇φAdt = − 1

µε
∇×C2 = −∂tA2 −∇φA2.

The set of differential equations for the potpotentials is then

∇ ·A2 = −µε∂tφA2. (10a)
∇ ·C2 = 0. (10b)
∇×C2 = µε∂tA2 + µε∇φA2. (10c)
∇×A2 = −∂tC2 (10d)
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These equations have the same structure of the first order potentials in the Lorenz gauge. From
the curl of (10d) and substitution of (10c)

∇×∇×A2 = −∂t∇×C2 = −µε∂2
t A2 − µε∂t∇φA2.

Whereas from the gradient of (10a), ∂t∇φA2 = −c2∇(∇ · A2), then ∇ × ∇ ×A2 = −µε∂2
t A2 +

∇ (∇ ·A2) but ∇ × ∇ ×A2 = ∇ (∇ ·A2) − ∇2A2, thus a homogeneous wave equation for A2 is
obtained

−∇2A2 = −µε∂2
t A2.

In order to obtain the E field in terms of the A2 potpotential, from (7b) and invoking (9), E =
− 1

µε∇×∇×A2. Therefore,

E = − 1
µε

(∇ (∇ ·A2)−∇2A2

)
,

and from the homogeneous wave equation for A2, the electric field is

E = − 1
µε

(∇ (∇ ·A2)− µε∂2
t A2

)
. (11)

The magnetic field, from (9) is
B = ∇×A = −∇× ∂tA2. (12)

Comparison of these results with the definition of the Hertz electric vector potential [6, 10],

E = ∇ (∇ ·Πe)− µε∂2
t Πe, B = µε∇× ∂tΠe, (13)

shows that the polarization potential or electric Hertz Πe vector is

Πe = − 1
µε

A2 (14)

These results can be generalized to media with external polarization densities including magnetic
materials if a scalar potential φc is included. Then C2 is proportional to the magnetic Hertz Πm

vector. To obtain the E field in terms of the C2 potpotential, from (7b) and invoking (8c) and (9)

E =
1
µε
∇× ∂tC2, (15)

The magnetic field, from the curl of (10c) and (9) is

B = ∇×A = ∇×
(
− 1

µε
∇×C2 −

ˆ
∇φAdt

)
= − 1

µε
∇×∇×C2. (16)

Comparison of these results with the definition of the Hertz magnetic vector potential [10],

E = −∇× ∂tΠm B = ∇×∇×Πm. (17)

The relationship between the magnetic Hertz vector and the C2 potpotential is

Πm = − 1
µε

C2 (18)

Therefore, second tier potentials in the Lorenz gauge are equivalent to the Hertz vectors.

5. ROTATIONAL CONTENT IN THE SECOND TIER

The homogeneous wave equations for the vector potpotentials are (Lorenz gauge is used further
down when the divergence terms are replaced)

∇2C2 − µε ∂2
t C2 = 0, (19a)

∇2A2 − µε ∂2
t A2 = 0. (19b)
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A continuity equation may be obtained from the scalar wave equation with the complementary
fields formulation [9]. This procedure is now extended to vector fields. The vector potpotentials
A2 and C2 are now the two complementary field functions. The fields are complementary in the
sense that the energy content of the system is continuously interchanged between these two fields.
Evaluate the inner product of the vector potential A2 with the wave Equation (19a) for the vector
potential C2,

A2 · ∇2C2 − µεA2 · ∂2
t C2 = 0.

Evaluate the inner product of the vector potential C with the wave Equation (19b) for the vector
potential A2,

C2 · ∇2A2 − µεC2 · ∂2
t A2 = 0.

Subtract these two equations
(
A2 · ∇2C2 −C2 · ∇2A2

)
+ µε

(
C2 · ∂2

t A2 −A2 · ∂2
t C2

)
= 0. (20)

The first term involving second spatial derivatives is rewritten in terms of a divergence using a
vector version of Green’s second identity [10],

(
A2 · ∇2C2 −C2 · ∇2A2

)
= ∇ · [A2 ×∇×C2 −C2 ×∇×A2 + A2 (∇ ·C2)−C2 (∇ ·A2)] .

The term in (20) involving second spatial derivatives can be rewritten as

C2 · ∂2
t A2 −A2 · ∂2

t C2 = ∂t (C2 · ∂tA2 −A2 · ∂tC2) .

Equation (20) then takes the form of a continuity equation

∇ · [A2 ×∇×C2 −C2 ×∇×A2 + A2 (∇ ·C2)−C2 (∇ ·A2)]
+∂t (C2 · ∂tA2 −A2 · ∂tC2) = 0 (21)

The first two terms within the divergence are A2(∇ · C2) = 0 and C2(∇ · A2) = −µε∂tφA2C2.
Whereas the last two terms, using the curl expressions for the potentials (10c) and (10d) give

∇ · (µεA2 × (∂tA2 +∇φA2) + C2 × ∂tC2 + µε∂tφA2C2)
+µε∂t (C2 · ∂tA2 −A2 · ∂tC2) = 0. (22)

From (9) A = −∂tA2 and C = −∂tC2

∇ · (µε (A−∇φA2)×A2 + C×C2 − µεφAC2) + µε∂t (A2 ·C−C2 ·A) = 0. (23a)

Therefore, there exists a conserved quantity

%Lor
A2C2

= µε (A2 ·C−C2 ·A) , (23b)

with its corresponding flux

JLor
A2C2

= µε (A−∇φA2)×A2 + C×C2 − µεφAC2. (23c)

In the absence of scalar potentials, these results correspond to the rotational content in the temporal
gauge. In the absence of charges or currents, this gauge is equal to Coulomb gauge

%Coul
A2C2

= µε (A2 ·C−C2 ·A) , (23d)

JCoul
A2C2

= µεA×A2 + C×C2. (23e)

The optical helicity density is
%

AC
= µε (A ·B−C ·E) , (24a)

and the optical helicity density flux, or spin is

JAC = µεE×A + B×C. (24b)

The flux represents the angular momentum content of the wave and the helicity the projection of the
angular momentum in the direction of propagation. they can be obtained from the complementary

343



2019 PhotonIcs & Electromagnetics Research Symposium — Spring (PIERS — SPRING), Rome, Italy, 17–20 June

potential functions A and C, so to speak, the potential fields in the first tier. Whereas the density
and flow that we have obtained are the second tier rotational content quantities. If we write the
helicity in terms of time derivatives of the second tier functions

%
AC

= µε (A ·B−C ·E) = µε (∂tA2 · ∂tC− ∂tC2 · ∂tA) ,

the helicity %
AC

is equal to the rotational scalar density %Coul
A2C2

but taking the derivative of each of
the fields and potentials involved. An analogous result is obtained for the flow,

JAC = µεE×A + B×C = µε∂tA× ∂tA2 + ∂tC× ∂tC2.

Therefore, in going from one tier to the next, the conserved quantity and its flow are not merely
the time derivative of the density and flow in the previous tier. The assessed density and its flow
from one tier to the next, require that the time derivative of each of the field functions involved is
evaluated.
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