
Gauge invariance of the helicity continuity equation

M. Fernández-Guasti

Lab. de Óptica Cuántica, Depto. de Física, Universidad Autónoma Metropolitana -
Iztapalapa, C.P. 09340, Ciudad de México, A.P. 55-534, MEXICO.

Abstract

The derivation of the helicity continuity equation in electromagnetic theory is
performed without specifying a gauge. In contrast with previous proposals,
the form of this equation is shown to be gauge invariant without invoking a
Helmholtz decomposition. The helicity and its �ow, the latter associated with
the spin in quantized �elds, involve two sets of a vector and a scalar poten-
tial, where each set can independently undergo a gauge transformation. There
are alternative de�nitions of the helicity and �ow densities that arise from dif-
ferent grouping of terms in the continuity di�erential equation. The various
de�nitions acquire an unambiguous meaning, depending on the gauge and the
physical context. The helicity density, de�ned as %(2)

AC
:= µε (A ·B−C ·E)

and �ow density J
(2)
AC := µε (E−∇φA)×A + (B−∇φC)×C, include all the

rotational content of the free �elds regardless of the gauge. In free space, these
quantities satisfy a gauge invariant conservation equation without gauge-�xing
source terms. A further asset of the present formulation is that charge and
current source terms can be readily incorporated. The helicity source terms are
of the form µB ·

∫
Jdt − µ

∫
Bdt · J. An helicity continuity equation in terms

solely of transverse �elds is derived in the Coulomb gauge.
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1. Introduction

Three research problems overlap in the helicity conservation equation: i)
Separation of the angular momentum in spin and orbital parts in gauge theo-
ries; ii) The topological invariant helicity in hydrodynamic and magnetostatic
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�elds; iii) The angular momentum expressions in electromagnetic �elds and the
Heaviside-Larmor symmetry.

i) A challenge encountered in quantized gauge theories like Quantum Elec-
trodynamics (QED) and Quantum Chromodynamics (QCD) is whether it is
possible to split the total angular momentum (AM) of a photon or gluon into
spin and orbital contributions in a gauge invariant way. The canonical angular
momentum decomposition which follows from Noether's theorem is

S =

∫
(E×A) d3r, L =

∫ ∑
i

Ei (r×∇) Aid
3r,

where S is associated with the spin AM and L with the orbital AM. However,
each of these terms are gauge dependent. In Quantum Chromodynamics (QCD),
aside from a sum over colors, an analogous expression holds for the gluon angular
momentum density [1]. This decomposition has been modi�ed considering only
the transverse parts of the vector potential [2, 3],

S⊥ =

∫
(E×A⊥) d3r, L⊥ =

∫ ∑
i

Ei (r×∇) Ai
⊥d

3r.

in order to obtain separately measurable quantities [2]. These integral forms
are gauge invariant if the �elds and the potentials fall o� to zero su�ciently fast
at in�nity [4]. However, it has been pointed out that A⊥ is no longer a local
�eld (A⊥ written in terms of A involves an integral operator), nor it trans-
forms covariantly [5]. The orbital and angular momenta of electrons in the non
relativistic regime exhibit a separation analogous to the photon decomposition.
However, due to an intrinsic coupling between the electron's spin and its orbital
angular momenta in the relativistic regime, vorticity and the linkage of vortex
lines become more complex in the high velocity limit [6, 7].

ii) The hydrodynamic helicity is de�ned as H = 1
2

∫
V
u · ω d3r, where u

represents the streamlines (trajectories of the velocities at constant time); the
vorticity is given by the curl of the streamlines ω = ∇×u. In a non relativistic
ideal �uid, physical properties such as kinetic energy, helicity and momenta
are conserved along with topological quantities such as knot type, minimum
crossing number and self-linking number [8]. In particular, the helicity provides
a measure of the degree of linkage of vortex lines [9] and is conserved so long
as the �eld remains smooth [10]. From the pioneering work in hydrodynamics,
the topological properties of the magnetic helicity

∫
(A ·H) d3r, became of great

importance in magneto hydrodynamics, in particular, regarding the dynamics of
the solar surface [11]. Analogous topological concepts also hold true in biological
contexts such as the DNA structure [12, 13]. The relationship between the
helicities in gauge and hydrodynamic problems is straight forward since H =
B/µ = ∇×A/µ. However, the lack of gauge invariance of the A ·H term has
deterred the use of the di�erential form.

iii) The angular momentum separation problem is also present in classical
electromagnetism. Within the paraxial approximation, the AM content of a
Laguerre-Gaussian beam can be separated into an AM due to the polarization
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state and an AM due to the helical phase front. These momenta are associated
with the spin and orbital parts in the quantized theory. For free electromagnetic
(EM) �elds, the helicity

∫
(A ·B) d3r and its �ow

∫
(E×A) d3r are not invari-

ant under rotations of the �eld vectors. In particular, they do not satisfy the
Heaviside-Larmor symmetry [14]. For this reason, several authors [15, 16] have
proposed the de�nitions 1

2

∫
(A ·B−C ·E) d3r and 1

2

∫
(E×A + B×C) d3r

respectively. Di�erential forms of these expressions are usually avoided because
these quantities are not gauge invariant. In physical terms, the integral form
implies the weaker global conservation condition whereas the di�erential form
entails local conservation that encompasses global conservation. The helicity
conservation equation proposed by di�erent authors [17, and refs. therein] for
the di�erential form is

∇ · 1

2
(µεE×A + B×C) + µε∂t

1

2
(A ·B−C ·E) = 0, (1)

where the inclusion of two terms involving the electric and magnetic �elds in
the helicity and its �ow, insure that the duality transformation symmetry is
ful�lled. The quantity H =

(
1
2A ·B−C ·E

)
is considered to represent the he-

licity density. Whereas S = 1
2 (E×A + B×C) represents the helicity density

�ow and is also associated with the spin angular momentum (natural units are
often used in the literature, we abide to SI units which are helpful for book
keeping). The transverse parts of these quantities are often evaluated in order
to obtain gauge invariant quantities with the concomitant problems mentioned
in i).

The gauge transformations A→ A+∇ΛA and C→ C+∇ΛC map equation
(1) into

∇ · (µεE×A + B×C) + µε∂t (A ·B−C ·E)

= µε (∂t∇ΛC ·E− ∂t∇ΛA ·B) .

Therefore, Equation (1) is not gauge invariant and, in strict sense, unacceptable
for a gauge theory. The helicity and its �ow are expected to be measurable
quantities and for this reason, gauge invariance is of paramount importance.
The spin term E×A is at the forefront in the �rst and third �elds of research
whereas the helicity A · B is at the core of the second and third problems.
The continuity equation establishes the relationship between the helicity and
its �ow and in turn, this �ow is possibly equal or at least closely related to the
spin [13, 16].

In the present communication, the helicity continuity equation for EM �elds
is derived using the complementary �elds formalism in section 2. The equation
is shown to be gauge invariant without having to resort to the transverse part of
the �elds in section 2.1. Equation (1) will be shown to be a particular case of the
continuity equation presented here. The symmetry of the electric and magnetic
contributions is a consequence of the derivation rather than an ad hoc principle
of electric-magnetic democracy [18]. Various possible de�nitions of the helicity
density and �ow stemming from the gauge invariant equation are discussed in
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section 3. The physical signi�cance and in particular, the rotational content
represented by these quantities will be shown to depend on the gauge and the
physical context. The electric-magnetic rotation symmetry with non zero scalar
potentials is treated in subsection 3.1. The helicity continuity equation with
electric charge and current sources is derived in section 4. The vector gauge
and its relationship with the temporal and Coulomb gauges is addressed in sub-
section 4.1. The separation of the helicity in electric and magnetic contributions
is discussed in subsection 4.2. The relevance of these results is discussed in the
last section.

2. Gauge invariant continuity equation

The electromagnetic �elds are usually written in terms of the scalar φA and
vector potential A. It is equally possible, although less common, to introduce
a second set [19, 20] of a scalar φC and a vector potential C. In vacuum or a
homogeneous non dispersive medium, the electric and magnetic �elds in terms
of these two sets of potentials are given by

E = −∇φA − ∂tA = − 1

µε
∇×C, (2a)

B = ∇×A = −∇φC − ∂tC. (2b)

Maxwell equations in terms of the potentials are

∂t∇ ·A = −∇2φA. (3a)

∂t∇ ·C = −∇2φC . (3b)

∇× (∇×A) = −µε∂2tA− µε∂t∇φA. (3c)

∇× (∇×C) = −µε∂2tC− µε∂t∇φC . (3d)

Where the Ampere-Maxwell equation has been written in terms of the potential
A and the Faraday induction equation in terms of the potential C. The inho-
mogeneous wave equations for the potentials are obtained from equations (3c)
and (3d),

∇2A− µε∂2tA = ∇ (∇ ·A) + µε∂t∇φA, (4a)

∇2C− µε∂2tC = ∇ (∇ ·C) + µε∂t∇φC . (4b)

Invariance is readily veri�ed for each di�erential equation with the transforma-
tion A → A +∇ΛA, φA → φA − ∂tΛA and C → C +∇ΛC , φC → φC − ∂tΛC
respectively. Notice that these two gauge transformations can be performed in-
dependently of each other. Equations that are obtainable from the Lagrangian
must be gauge invariant, since the Lagrangian is gauge invariant under the ap-
propriate symmetries in gauge theories. The inhomogeneous wave equations
(4a) and (4b) are gauge invariant although the potential �elds A,C are not
gauge invariant. This state of a�airs poses no problems because the potentials
themselves are not observables.
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A continuity equation may be obtained from two linearly independent so-
lutions of the homogeneous scalar wave equation. This formalism, named the
complementary �elds procedure [21], is generalized here to vector �elds with
inhomogeneous terms. The vector potentials A and C now play the role of the
two complementary �eld functions. The �elds are complementary because the
energy content of the system is dynamically exchanged between these two �elds.
Evaluate the inner product of the vector potential C with the inhomogeneous
wave equation (4a) for the vector potential A,

C · ∇2A− µεC · ∂2tA = C · ∇ (∇ ·A) + µεC · ∂t∇φA. (5a)

Evaluate the inner product of C with (4b),

A · ∇2C− µεA · ∂2tC = A · ∇ (∇ ·C) + A · µε∂t∇φC . (5b)

The di�erence of (5b) minus (5a) is(
A · ∇2C−C · ∇2A

)
+ µε

(
C · ∂2tA−A · ∂2tC

)
= A · ∇ (∇ ·C) + µεA · ∂t∇φC

− [C · ∇ (∇ ·A) + µεC · ∂t∇φA] . (6)

The terms involving the Laplacians can be written, invoking a vector version of
Green's second identity [22], as(

A · ∇2C−C · ∇2A
)

=

∇ · [A (∇ ·C)−C (∇ ·A) + A× (∇×C)−C× (∇×A)] .

The two terms involving the divergence operator on the RHS of (6) cancel
out with their counterparts in the above expression, recalling that they can be
rewritten with the aid of the vector identity, A ·∇ (∇ ·C)−C ·∇ (∇ ·A) = ∇·
[A (∇ ·C)−C (∇ ·A)]. The second order temporal derivatives can be written
as

C · ∂2tA−A · ∂2tC = ∂t (C · ∂tA−A · ∂tC) .

Equation (6) then takes the form of a continuity equation

∇ · [A× (∇×C)−C× (∇×A)]

+ µε∂t (C · ∂tA−A · ∂tC)

= µεA · ∂t∇φC − µεC · ∂t∇φA. (7)

The curls and time derivatives of the potentials can be written back in terms of
the �elds from (2a) and (2b),

∇ · (µεE×A + B×C)

+ µε∂t (A ·B−C ·E + A · ∇φC −C · ∇φA)

= µεA · ∂t∇φC − µεC · ∂t∇φA. (8a)
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There is therefore an assessed quantity, the helicity density

%
AC

:= µε (A · (B +∇φC)−C · (E +∇φA)) , (8b)

with its corresponding �ow

JAC := µεE×A + B×C, (8c)

and a source term

ΥAC := A · µε∂t∇φC − µεC · ∂t∇φA. (8d)

The helicity density (8b), involves two terms dependent on the scalar potentials
that are missing in previous proposals. The helicity �ow maintains the same ex-
pression as that obtained before from (1). Moreover, in the continuity equation
given by (8a), there is a source term ΥAC dependent on the scalar potentials
that is not present in earlier versions of the helicity continuity equation. It may
be conjectured at this stage, that the extra terms in the helicity density could
cancel out with the source terms. This is not the case as we shall presently see.
In the Coulomb gauge, the vector potentials are transverse, A→ A⊥, C→ C⊥,
and for free �elds, the scalar potentials are zero. In the temporal gauge, the
scalar potentials are set to zero. In the absence of charges/currents, the vector
potentials are then transverse. In these two particular gauges, the de�nitions of
helicity density and �ow in free space, become identical to previous de�nitions
in terms of transverse potentials [23].

2.1. Continuity equation gauge invariance

The gauge transformation for the potential A, φA involves the simultaneous
change of A → A′ = A + ∇ΛA and φA → φ′A = φA − ∂tΛA; Whereas the
gauge transformation for C, φC involves the simultaneous change of C→ C′ =
C + ∇ΛC and φC → φ′C = φC − ∂tΛC . Consider a gauge transformation of
these two potentials in the continuity equation (8a). The �ow term is mapped
to

JAC → J ′
AC = JAC + µεE×∇ΛA + B×∇ΛC . (9)

The divergence of the cross products in the last two terms can be evaluated to
obtain

∇ · J ′
AC = ∇ · JAC − µε∇ΛA · ∂tB + µε∇ΛC · ∂tE. (10)

The assessed density transformation is

%
AC
→ %′

AC
=

%
AC

+ µε (∇ΛA · (B +∇ (φC − ∂tΛC)) + C · ∇∂tΛA)

− µε (∇ΛC · (E +∇ (φA − ∂tΛA)) + A · ∇∂tΛC) . (11)

From the time derivative of this expression, after some algebra and noticing that
∂t∇ΛC ·E = −∂tA · ∂t∇ΛC − ∂t∇ΛC · ∇φA and ∂t∇ΛA ·B = −∂tC · ∂t∇ΛA −
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∂t∇ΛA · ∇φC , the temporal derivative of the transformed helicity density can
be written as

∂t%
′
AC

= ∂t%AC
+ µε (∇ΛA · ∂tB−∇ΛC · ∂tE)

+ µε
(
−A · ∂2t∇ΛC +∇ΛA · ∂t∇φC −∇ΛA · ∂2t∇ΛC

)
− µε

(
−C · ∂2t∇ΛA +∇ΛC · ∂t∇φA −∇ΛC · ∂2t∇ΛA

)
. (12)

Finally, the source transformation is

ΥAC → Υ′
AC = ΥAC +∇ΛA · ∂t∇φC −A · ∂2t∇ΛC

−∇ΛA · ∂2t∇ΛC −∇ΛC · ∂t∇φA
+ C · ∂2t∇ΛA +∇ΛC · ∂2t∇ΛA (13)

The transformed continuity equation is now the sum of (10) and (12) equal to
(13),

∇ · J ′
AC + µε∂t%

′
AC

= Υ′
AC. (14)

The two extra terms in (10) cancel out with the two extra terms involving the
electromagnetic �elds in (12). The remaining six extra terms in (12) cancel out
with their counterparts in the source terms given by (13). Thus, Equation (14)
is equivalent to (8a). The helicity continuity equation (8a), derived from the
complementary vector potential �elds, is therefore gauge invariant.

2.2. Uniqueness of the solution

The method of characteristics can be used to reduce a �rst order linear PDE
with n spatial dimensions to n characteristic ODE's and a Lagrangian derivative
ODE. The Picard iteration theorem then establishes existence and uniqueness
of the solution [24]. The solution to each characteristic equation exists and is
unique in the neighborhood of each starting point (t0, r0) provided that the
velocity and its partial derivatives are continuous [25]. The value at a starting
point %

AC
(t0, r0) comes from a measurement or a priori initial conditions of

the assessed quantity %
AC

at that point. The Cauchy problem undertakes the
complete solution and thus requires the value of the function %

AC
(t0, r) for all

points in space at the initial time. The �ow is obtained from the product of
the density times the velocity vector JAC = %

AC
v. The gauge independent

continuity equation is a �rst order linear PDE with three spatial dimensions, its
solution for a well posed initial condition %

AC
(t0, r) = g (r), is therefore unique.

An example of unicity under a gauge transformation is considered in the next
section.

3. Alternative de�nitions of the helicity and its �ow

It is possible to rearrange the terms in the continuity equation so as to
de�ne the helicity and its �ow in somewhat di�erent ways with the appropriate
source terms. Evaluate the temporal derivative of the terms involving the scalar
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potentials in the helicity density (8b). The continuity equation, grouping these
terms with the sources, can be written as

∇ · (µεE×A + B×C) + µε∂t (A ·B−C ·E) =

µε (E · ∇φC −B · ∇φA) , (15a)

where −∂tA · ∇φC + ∂tC · ∇φA = E · ∇φC − B · ∇φA. The helicity and �ow
de�nitions without scalar �elds are then

%(1)
AC

:= µε (A ·B−C ·E) , J
(1)
AC := µεE×A + B×C. (15b)

These de�nitions are equal to those given by the gauge dependent continuity
Eq. (1). However, the helicity source terms

Υ
(1)
AC := µε (E · ∇φC −B · ∇φA) , (15c)

must now be included in order to ful�ll the equation gauge invariance (EGI).

These Υ
(1)
AC terms may be viewed as gauge-�xing �elds in QED and ghost �elds

in QCD [1]. The Υ
(1)
AC source terms, not present in previous proposals (i.e. Eq.

(1)) insure the continuity equation (15a) gauge invariance.

The Υ
(1)
AC terms can also be written as ∂tA · ∇φC = 1

µε∇ · (C×∇φC) −
∇φA · ∇φC and ∂tC · ∇φA = ∇ · (∇φA ×A)−∇φA · ∇φC . Equation (15a) can
then be stated as a continuity equation without sources

∇ · (µε (E−∇φA)×A + (B−∇φC)×C) + µε∂t (A ·B−C ·E) = 0. (16a)

The natural de�nitions for the helicity and its �ow are then

%(2)
AC

:= µε (A ·B−C ·E) , (16b)

J
(2)
AC := µε (E−∇φA)×A + (B−∇φC)×C. (16c)

In order to include the scalar potentials symmetrically in the helicity and �ow
EM �eld terms in the continuity equation, add and subtract ∇φA {∇φC} to
the electric {magnetic} �eld within the divergence of Eq. (8a). Evaluate the
remaining terms ∇ · (−µε∇φA ×A−∇φC ×C) = µεB · ∇φA − µεE · ∇φC , to
obtain

∇ · (µε (E +∇φA)×A + (B +∇φC)×C) +

µε∂t (A · (B +∇φC)−C · (E +∇φA)) =

µε (A · ∂t∇φC + E · ∇φC −B · ∇φA −C · ∂t∇φA) . (17a)

This continuity equation suggests yet another helicity density and �ow de�ni-
tions,

%(3)
AC

:= µε (A · (B +∇φC)−C · (E +∇φA)) ,

J
(3)
AC := µε (E +∇φA)×A + (B +∇φC)×C, (17b)
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with helicity source terms

Υ
(3)
AC := µε (A · ∂t∇φC + E · ∇φC −B · ∇φA −C · ∂t∇φA) . (17c)

This grouping will prove quite useful in the transverse gauge, as we shall see
when sources are included.

These alternative representations of the gauge independent continuity equa-
tion raise the question: How to decide which terms belong to the sources and
which ones are part of the �eld helicity or its �ow de�nitions? The answer,
as we shall presently see, depends on the gauge, the physical problem and the
redundancy of variables.

The gauge invariant continuity equation, given in its various forms by Eqs.
(8a), (15a), (16a) and (17a), was derived in a space without sources. In the
absence of currents, we expect that the �eld helicity and its �ow should be
conserved. In the Coulomb gauge, when no charges nor currents are present,
the scalar potentials are zero. In the temporal gauge, the scalar potentials

are zero either with or without charges/currents. Thus, the ΥAC,Υ
(1)
AC,Υ

(3)
AC

helicity source terms vanish and all four de�nitions of helicity and �ow are
equivalent in free space for these two gauges. However, in the Lorenz gauge,
the scalar potentials satisfy a homogeneous wave equation in a medium without
charges. Neither %

AC
nor %(1)

AC
, %(3)

AC
are then conserved in the Lorenz gauge

since the helicity source terms ΥAC,Υ
(1)
AC,Υ

(3)
AC 6= 0 do not vanish. Therefore,

we conclude that in this gauge, some of the rotational content of the �elds

is missing in %
AC
,JAC as well as in %(1)

AC
,J

(1)
AC and %(3)

AC
,J

(3)
AC. The helicity

%(2)
AC

and �ow J
(2)
AC de�nitions given by (16b)-(16c) should then be adopted if

these quantities are to be conserved. Even though the scalar potentials are not
zero, these de�nitions insure that there are no helicity source terms Υ, in the
continuity equation (16a). In media without charges nor currents, the %(2)

AC
and

J
(2)
AC de�nitions provide a gauge invariant continuity equation without Υ source

terms in any gauge, in particular, either in the Lorenz or the Coulomb gauge. For
this reason, these de�nitions of helicity and �ow should be preferred in sourceless
media. These results provide an explanation why the Coulomb gauge seemed
to be better suited than the Lorenz gauge in previous helicity descriptions [23].
In vacuum, the helicity and �ow de�nitions without scalar potentials account
for the rotational content of the �eld in the Coulomb gauge. However, as we
have just shown, in the Lorenz gauge, the �ow de�nition must include the scalar
�elds as de�ned by (16a) in order to encompass all the rotational content of the
�elds. It is instructive to perform a gauge transformation within this framework.
Consider for simplicity only the transformation A → A′ = A + ∇ΛA and
φA → φ′A = φA − ∂tΛA. The helicity and its �ow are then,

%(2)
′

AC
= %(2)

AC
+ µε (∇ΛA ·B) (18)

and

J
(2)′

AC = J
(2)
AC + µε∂t (∇ΛA ×A) + µε (∇∂tΛA ×∇ΛA − 2∇φA ×∇ΛA) .
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Upon evaluation of the divergence of the �ow, only the �rst of the three �ow
terms involving ∇ΛA does not vanish, µε∇·[∂t (∇ΛA ×A)] = −µε∂t (∇ΛA ·B).
This term cancels out with the time derivative of the helicity term involving
∇ΛA. Thus, the gauge transformation introduces a term µε (∇ΛA ·B) in the
helicity density with a corresponding term µε∂t (∇ΛA ×A) in its �ow, such that
the continuity equation is always ful�lled

∇·J (2)
AC +∂t%

(2)
AC

= ∇·
(
J

(2)
AC + ∂t (∇ΛA ×A)

)
+∂t

(
%(2)

AC
+ (∇ΛA ·B)

)
. (19)

The initial condition function g (r), in terms of the transformed density is

%′
AC

(t0, r)− µε [∇ΛA (t0, r) ·B (t0, r)] = %
AC

(t0, r) = g (r) .

The value of the function g (r) at the initial time t0 is then redistributed between
the transformed density %′

AC
and the density term µε (∇ΛA ·B) that comes from

the gauge transformation. The relative weight between the two terms depends
of course on the value of the gauge function ΛA. Nonetheless, the observable
quantity is the unique density function equal at time t0, to the initial condition
function, not its redistribution in terms of a primed density and the gauge
function ΛA.

3.1. Electric�magnetic rotation symmetry

The Heaviside-Larmor (HL) discrete symmetry is obtained by the �eld trans-
formations E → 1√

µεB, B → −√µεE. In the tensor formalism, it corre-

sponds to a transformation of the antisymmetric �eld tensor Fαβ onto its dual
?Fαβ = 1

2ε
αβγδFγδ, where ε

αβγδ is a Levi Civita tensor. The continuous electric
magnetic rotation, leading to the HL symmetry for the particular θ = π

2 angle,
is

E→ E cos θ +
1
√
µε

B sin θ, B→ B cos θ −√µεE sin θ. (20a)

This mapping has been dubbed as a continuous duality transformation in tensor
parlance and has led to a dual symmetrization of the standard Lagrangian [17].
The rotation of the vector potentials is [26],

A→ A cos θ +
1
√
µε

C sin θ, C→ C cos θ −√µεA sin θ. (20b)

To consider the transformation in an arbitrary gauge, the corresponding electric-
magnetic rotation of the scalar potentials gradient is also required

∇φA → ∇φA cos θ+
1
√
µε
∇φC sin θ, ∇φC → ∇φC cos θ−√µε∇φA sin θ. (20c)

Notice that A and ∇φA follow the electric �eld transformation whereas C and
∇φC transform like the magnetic �eld. Nonetheless, it is customary for historical
reasons to refer toA as the magnetic potential. The helicity continuity equation
invariance under electric-magnetic rotation can be proved in any of its forms,
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consider (15a) for economy. The helicity %(1)
AC

and �ow J
(1)
AC invariance has been

proved before since they do not involve the scalar potentials. It only remains to

prove the invariance of the helicity source term Υ
(1)
AC = µε (E · ∇φC −B · ∇φA).

This is con�rmed by substitution of (20a) and (20c) in Υ
(1)
AC.

4. Sources

The relationships between �elds and potentials in the presence of a charge
density ρ and current density J are given by [27],

E = −∇φA − ∂tA = − 1

µε
∇×C− 1

ε

∫
Jdt, (21a)

B = ∇×A = −∇φC − ∂tC. (21b)

This is not the only possible identi�cation, other alternatives to include charge
and current densities have also been proposed [28, 29]. An asset of the present
choice is that it admits arbitrary source distributions, in particular, it is not
restricted to transverse currents. The �rst order di�erential equations for the
potentials are then

∂t∇ ·A = −∇2φA −
ρ

ε
. (22a)

∂t∇ ·C = −∇2φC . (22b)

∇× (∇×A) = −µε∂2tA− µε∂t∇φA + µJ. (22c)

∇× (∇×C) = −µε∂2tC− µε∂t∇φC − µ
∫
∇× Jdt. (22d)

The inhomogeneous wave equations with sources for the potentials obtained
from equations (22c) and (22d) are,

∇2A− µε∂2tA = ∇ (∇ ·A) + µε∂t∇φA − µJ, (23a)

∇2C− µε∂2tC = ∇ (∇ ·C) + µε∂t∇φC + µ

∫
∇× Jdt. (23b)

Recreating the complementary vector �elds procedure, a continuity equation
with sources is obtained

∇ · [A× (∇×C)−C× (∇×A)]

+ µε∂t (C · ∂tA−A · ∂tC) =

µε (A · ∂t∇φC −C · ∂t∇φA) + µA ·
∫
∇× Jdt+ µC · J. (24)

The curls and time derivatives of the potentials can be written in terms of the
�elds with sources from (21a) and (21b),

∇ · (µεE×A + B×C) +

µε∂t (A · (B +∇φC)−C · (E +∇φA)) =

µε (A · ∂t∇φC −C · ∂t∇φA) + µB ·
∫

Jdt+ µC · J, (25)
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where the identity ∇ ·
(
µ
∫
Jdt×A

)
= −µ

∫
Jdt · (∇×A) + µA ·

(
∇×

∫
Jdt
)

has been used to group terms involving the current density on the RHS. The
continuity equation with sources can be cast in the form (17a),

∇ · (µε (E +∇φA)×A + (B +∇φC)×C) +

µε∂t (A · (B +∇φC)−C · (E +∇φA)) = µεA·∂t∇φC+µεE·∇φC+µ∇φC ·
∫

Jdt

µε (−B · ∇φA −C · ∂t∇φA) + µB ·
∫

Jdt+ µC · J. (26a)

In the Coulomb gauge, ∇·A = 0, then ∇· (E +∇φA) = 0 = ρ
ε +∇2φA and the

transverse electric �eld can be written as E⊥ = E + ∇φA. The term ∇∂tφA,
present from the outset in the ΥAC source expression given by (8d), is associated
with the longitudinal current source term ∇∂tφA = 1

εJ‖. The gradient of the

scalar potential in terms of the longitudinal current is ∇φA = 1
ε

∫
J‖dt. If

the potentials C, φC are also evaluated in the Coulomb gauge, the ∇ · C = 0
condition is imposed; Thus, ∇2φC = −∂t∇·C = 0 and the only solution to this
equation that vanishes at in�nity is φC = 0. The continuity equation (26a) in
the Coulomb gauge is then

∇·(µεE⊥ ×A⊥ + B×C⊥)+µε∂t (A⊥ ·B−C⊥ ·E⊥) = µB·
∫

J⊥dt+µC⊥·J⊥,

(26b)
where the helicity and �ow (17b) become

%(3⊥)Coul
AC

= µε (A⊥ ·B−C⊥ ·E⊥) , J
(3⊥)Coul
AC = µεE⊥×A⊥+B×C⊥. (26c)

We omit the subindex transversality in B, because it is always transverse re-
gardless of the gauge. It is signi�cant that a continuity equation can be obtained
for the transverse components of all the involved quantities. The vector poten-
tials are by de�nition transverse in the Coulomb gauge. However, the electric
�eld transverse component has been isolated as well as the transverse current
components. The continuity equation with sources (25) in the form of (16a) is

∇ · (µε (E−∇φA)×A + (B−∇φC)×C)

+ µε∂t (A ·B−C ·E)

= µ (B−∇φC) ·
∫

Jdt+ µC · J. (27a)

In the Coulomb gauge,

∇ · (µε (E−∇φA)×A⊥ + B×C⊥) + µε∂t (A⊥ ·B−C⊥ ·E)

= µB ·
∫

Jdt+ µC⊥ · J, (27b)

where

%(2)Coul
AC

= µε (A⊥ ·B−C⊥ ·E) , J
(2)Coul
AC = µε (E−∇φA)×A⊥ + B×C⊥.

(27c)
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Comparison of equations (26b) with (27b) illustrates the following point: De-
pending on the de�nition of the helicity density and its �ow within a given gauge,
these quantities may or may not include some of the rotational content of the
charges. In this particular example, the continuity equation (26b) does not con-
tain the rotational content produced by J‖ within the helicity density %(3⊥)Coul

AC

and �ow J
(3⊥)Coul
AC given by (26c). Whereas in the latter equation (27b), the

rotational content produced by the transverse and longitudinal components of

the current J are embraced in %(2)Coul
AC

and J
(2)Coul
AC . From the di�erence of (27b)

minus (26b), the contribution of the longitudinal components of the sources is

∇ ·
(
J

(2)
AC − J

(3⊥)
AC

)
+ ∂t

(
%(2)

AC
− %(3⊥)

AC

)
=

∇ ·
(
µε
(
E‖ −∇φA

)
×A

)
+ µε∂t

(
−C ·E‖

)
= µB ·

∫
J‖dt+ µC · J‖.

If only the longitudinal components of the electric �eld are retained on the LHS
in the above equation, the −µε∇·(∇φA ×A) term cancels the µB·

∫
J‖dt source

term and the longitudinal component of the current in the C ·J term is isolated,

∇ ·
(
µεE‖ ×A⊥

)
+ µε∂t

(
−C⊥ ·E‖

)
= µC · J‖. (28)

Therefore, it is also possible to isolate the longitudinal contributions of the

electric �eld to the helicity %(3‖)Coul
AC

= −µεC⊥ · E‖, and its �ow J
(3‖)Coul
AC =

µεE‖ ×A⊥. These results are reminiscent of alternative representations where
some components of the total angular momentum of a photon-electron system
can be associated either with the electron or the photon. Such is the case in
the Chen et al. [4] and the Wakamatsu [30] decomposition where, for example,
the bound OAM is attributed to either the electron or the photon (quark/gluon
decomposition in QCD). Notice that the sum of the parallel and perpendicular
components of the electric �eld contributions to the helicity and its �ow, (28)
and (26b) do not give the full current contribution

∇ · (µεE×A⊥ + B×C⊥) + µε∂t (A⊥ ·B−C⊥ ·E) = µB ·
∫

J⊥dt+ µC⊥ · J.

(29)
The current integral term on the RHS is J⊥ not J. This result is equally
obtained from the continuity equation in the form (15a) with sources

∇ · (µεE×A + B×C) + µε∂t (A ·B−C ·E) =

µε (E · ∇φC −B · ∇φA) + µB ·
∫

Jdt+ µC · J, (30)

when the Coulomb gauge is enforced (A→ A⊥, C→ C⊥ and ∇φA → 1
ε

∫
J‖dt,

∇φC = 0). The underlying reason is that in order to include all the rotational
content produced by the total current (longitudinal + transverse) it is necessary
to include the −∇φA ×A in the �ow as evinced in Eq. (27b).
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4.1. The vector gauge

Maxwell equations involve eight �rst-order di�erential equations and six un-
known vector components. Whether the system is overdetermined or properly
determined has been subject of debate [31]. Consider for the sake of the discus-
sion, a properly determined system. The mapping of the �elds into the scalar
and vector potentials variables, retains the same number of �rst order di�eren-
tial equations. However, there are now eight unknown components, six vector
components for A and C plus two from the scalar potentials φA, φC . There is
thus liberty to assign two additional conditions. The two scalar potentials are
requested to satisfy,

∂t∇φA = 0, ∂t∇φC = 0. (31)

We shall refer to these conditions as the vector gauge. If the potentials fall o�
to zero at in�nity, φA = 0, φC = 0, this gauge is equivalent to the temporal
gauge [32]. The temporal gauge reproduces the same structure of Maxwell's
equations for the vector potentials. If the time integration constants are set to
zero in Eqs. (31) and (3a), the vector gauge imposes the condition ∇ ·A = 0
and is equivalent to the Coulomb gauge in the absence of charges. However, in
the presence of charges, the vector potential A is no longer divergenceless in the
vector gauge, and thus di�ers from the Coulomb gauge.

4.2. Magnetic and electric helicity splitting

Each of the two helicity terms can be cast as continuity equations by ex-
panding their time derivatives. The electric helicity density C ·E is then

∂t (C ·E) = −B ·E−∇φC ·E +
1

µε
C · ∇ ×B− 1

ε
C · J,

where the time derivative of the potential C has been rewritten in terms of the
�elds from (21b) and the Maxwell/Ampere equation has been invoked. The term
C · (∇×B) can be rewritten using the divergence of a cross product identity
and (21a), C · (∇×B) = ∇· ((B−∇φC)×C)−µεB ·E−µ (B−∇φC) ·

∫
Jdt.

The electric helicity density conservation type equation is then

∇· ((B−∇φC)×C)−µε∂t (C ·E) = 2µεE ·B+µ (B−∇φC) ·
∫

Jdt+µC ·J.

(32)
This expression can be inserted in the helicity conservation equation (27a) to
obtain the magnetic helicity density A ·B conservation type equation

∇ · ((E−∇φA)×A) + ∂t (A ·B) = −2E ·B. (33)

This equation is gauge invariant without further ado as can be shown by direct
A→ A′ = A+∇ΛA and φA → φ′A = φA−∂tΛA substitution. As we have shown,
the −∇φA ×A term is crucial to insure the equation invariance. The magnetic
helicity conservation equation can also be obtained from the time derivative
evaluation of the magnetic helicity density. However, we have chosen the above
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route to stress the fact that electric current sources are being included. These
current source terms enter the equations asymmetrically, both terms contribute
to the electric helicity density but none is involved in the magnetic helicity
density conservation equation. Thus, the symmetry of these two terms [33] is
broken by the electric current terms. Notice that the equation invariance under
a gauge transformation evaluated in section 3, holds for (33) but not for (32)
due to the electric current source terms. Several results often quoted in the
literature can be obtained from these expressions as particular cases.

The magnetic helicity is a relevant topological quantity because it measures
the self linking of magnetic �ux [11]. The time derivative of the total magnetic
helicity

∫
A ·B d3r, is

∂t

(∫
A ·B d3r

)
= −2

∫
E ·B d3r −

∫
A

((E−∇φA)×A) · n̂ d2r.

Appropriate conditions are often invoked so that the magnetic helicity current
((E−∇φA)×A) across the boundary vanishes. In magneto hydrodynamics
(MHD) this condition is accomplished in several ways, for example if E = −v×B
and the boundary is a comoving magnetic surface [34]. In particle physics, the
surface integral is dismissed considering that the all the �elds, E,∇φA,A in this
case, fall su�ciently fast to zero for large |r| [4]. The magnetic helicity is then
conserved if the E · B term vanishes, even in the presence of electric currents.
For free EM �elds, the �eld is singular E ·B = 0, in the radiation zone [35]. In
an ideal MHD, E = −v×B, thus E ·B = 0. If there is dissipation, for example
modeled in a plasma by a simple Ohm's relationship E = v × B + ηJ, then
E · B → ηB · J is the dissipative term and the magnetic helicity is no longer
conserved [12].

An analogous result is true for the electric helicity if the electric current
J is zero. The electric helicity

∫
C · E d3r is time invariant for EM singular

�elds E · B = 0, provided that the surface integral
∫

((B−∇φC)×C) · n̂ d2r
can be dismissed. If both electric and magnetic helicity terms are included, the
conditions in the E ·B term is lifted since these terms cancel out, as evinced in

equation (27a). The four current jµ = (∂µA) · C − (∂µC) ·A =
(
%(1)

AC
,J

(1)
AC

)
is not Lorentz covariant [36]. In order to provide a fully relativistic covariant
formulation the magnetic helicity current is de�ned as (φAB + E×A) [37].
For a free �eld, the four current Jµ = jµmag − jµelec, with jµmag = GµνAν =
(A ·B, φAB + E×A) and jµelec = FµνCν = (C ·E, φCE−B×C) is Lorentz
covariant [38]. The term ∇φA ·B in Eq. (15c) can be written either as ∇·(φAB)
or ∇ · (−∇φA ×A). The magnetic helicity conservation equation (33) is also
gauge invariant with the substitution −∇φA × A → φAB, as can be seen by
direct computation. The present results suggest that four magnetic/electric
helicity currents given by

j(2)mag = (A ·B, (E−∇φA)×A) , j
(2)
elec = (µεC ·E, (B−∇φC)×C) (34)

might also be feasible. Covariance raises the question of consistency with the
Weinberg�Witten theorem [39], which states that if a Lorentz-covariant con-
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served four-current Jµ exists, the theory cannot contain massless particles with
spin >1/2 with nonvanishing conserved charge

∫
J0d

3r. The W-W theorem re-
quires Jµ to be an eigenfunction of rotation [38]. However, it has been pointed
out that the E×A operator does not generate rotations of the polarization of
the �eld [40]. This issue deserves further clari�cation.

5. Conclusions

The helicity continuity equation here derived is invariant under a gauge
transformation. The keystone, in order to obtain gauge invariance, has been
to start with the inhomogeneous wave equations for the potentials (4a), (4b)
that satisfy gauge invariance. Thereafter, the complementary �elds procedure,
ensures that the equations gauge invariance is inherited all the way through until
the continuity equation (8a) is obtained. The di�erential forms of the helicity
density and its �ow imply of course, local as well as global conservation. The
integral representations of the helicity and spin have been favoured to insure
gauge invariance. Nonetheless, on physical grounds, local as well as global
angular momentum conservation is expected.

Equation gauge invariance refers to the property of an equation whose form
does not change under a gauge transformation. This usage goes back to Fock
and Weyl [41]. Whereas gauge invariance is the property of a quantity which
does not change under a classical (c-number) gauge function transformation
[42, p.31]. If a set of gauge invariant quantities satisfy a di�erential equation,
the equation is clearly left unchanged by a gauge transformation. That is,
gauge invariant quantities imply that the equations they satisfy are also gauge
invariant. However, quantities may not be gauge invariant but the equations
they satisfy can be gauge invariant. This is commonplace in quantum mechanics
and QCD [1]. Such is the case of the gauge dependent vector potentials that
satisfy the gauge independent wave equations (4a), (4b). The helicity continuity
equation obtained here, written in its various forms, is another such example.

The continuity equation gauge invariance insures that a conserved quantity
will still be conserved in any other gauge. Recall that in a mechanical context,
the angular momentum r × p is a quantity dependent on the origin as well as
the inertial frame from which it is measured. The actual value of this extrinsic
property in many physical problems is not as relevant as whether it is conserved
or not. In an analogous fashion, mutatis mutandis, helicity conservation or the
lack of it, is the most relevant attribute in �eld theory. The helicity density %(2)

AC

and its �ow J
(2)
AC given by (16b)-(16c), satisfy the gauge invariant continuity

equation (16a). The helicity density %(2)
AC

(with �ow J
(2)
AC) is conserved in any

gauge, in the absence of charges and currents. The solution to the helicity
continuity equation is a linear, �rst order PDE that given an initial condition is
unique. Although a gauge transformation satisfying the continuity equation can
be performed with any well behaved C2 gauge function, the initial condition is
only satis�ed by a particular gauge function.
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Comparison of the helicity and �ow in di�erent gauges has to be performed
taking into account whether the conserved function and its �ow represent the
same physical quantities in the involved gauges. To ascertain that they convey
the same physical content, it is necessary that the continuity di�erential equa-
tion preserves the same structure under the gauge transformation. For example,
the Υ helicity source terms are zero for all gauges in Eq. (16a). Therefore, the

de�nitions of helicity density %(2)
AC

and �ow J
(2)
AC originating from this equation

embody all the helicity and �ow rotational content within the EM �elds in any
gauge. Alternative de�nitions such as %

AC
, %(1)

AC
and %(3)

AC
with their correspond-

ing �ows, represent di�erent quantities in di�erent gauges. For this reason, the
'helicity' can be apparently conserved in one gauge but not in another. For
example, from (15a), %(1)

AC
is conserved in the Coulomb gauge but not in the

Lorenz gauge. However, %(1)
AC
,J

(1)
AC do not represent the same 'helicity and �ow'

in these two gauges because the scalar potentials convey some of the rotational

content of the �elds in the Lorenz gauge that are not included in %(1)
AC
,J

(1)
AC. Re-

call that the angular momentum problem is concerned with the gauge invariant
decomposition of the spin and orbital AM, the former associated here with the
�ux JAC. In the QED photon-electron scheme, terms grouped in the �ow are
ascribed to the photon, whereas if they are grouped with the sources, they are
ascribed to the electron.

The elusive problem of an helicity continuity equation in the presence of elec-
tric charges and currents has also been accomplished with the complementary
�elds approach. A detailed analysis of this equation is required to understand
its implications and limits. Nonetheless, some features have already been an-

ticipated. In the continuity equation with sources (27a), de�nitions %(2)
AC
, J

(2)
AC,

encompass the contributions from both, the longitudinal and transverse com-
ponents of the current in any gauge. The helicity current source terms can be
written in the nicely symmetrical form µB ·

∫
Jdt−µ

∫
Bdt ·J. In the Coulomb

gauge, through an appropriate rearrangement, it is possible to establish an he-
licity continuity equation that involves only the transverse current components
in the helicity source terms (26b). This result is analogous to the inhomoge-
neous wave equation for A in the Coulomb gauge where only the transverse
current is involved in the source term. The helicity and �ow obtained from this

equation are %(3⊥)Coul
AC

, J
(3⊥)Coul
AC given by (26c). These quantities involve only

the transverse electric �eld. Eq. (28) isolates the longitudinal components of
the electric �eld and current.

The author thanks the careful revision of an early version of the manuscript
by J. Hernández and fruitful PDE discussions with M. Celli and G. Izquierdo.
The author is also indebted to the reviewer for his perceptive remarks.
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