
Journal of Physics: Conference Series

PAPER • OPEN ACCESS

Ermakov-Lewis Invariant for Two Coupled Oscillators
To cite this article: I Ramos-Prieto et al 2020 J. Phys.: Conf. Ser. 1540 012009

 

View the article online for updates and enhancements.

This content was downloaded from IP address 189.164.120.236 on 18/06/2020 at 17:50

https://doi.org/10.1088/1742-6596/1540/1/012009
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsskIiH7C_4aTIOOR6JBalCs1FtIJ4tMkvy0QzW-gxcSvDKrD2KHVmDKbv7O-u4p0NU9xaqoK1CKSbd-eCkp0TVDgaUesr4vvurafWtpk9gXzTZV-1UHFdfmnWijGRIM6yRSMm-renoxrE4IiIxdJUIaijQWB9C52ENtTfvbTy8tHsx9HlWXXq2QkZj2NZKqFfh_nqsVWr4wwgXP8bniQL1vLZnea9bkvFo59sHjbWvuDwQSO1DD&sig=Cg0ArKJSzKSHc_Be1PwZ&adurl=http://iopscience.org/books


Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

Quantum Fest 2019

Journal of Physics: Conference Series 1540 (2020) 012009

IOP Publishing

doi:10.1088/1742-6596/1540/1/012009

1

Ermakov-Lewis Invariant for Two Coupled Oscillators
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Abstract. We show that two coupled time dependent harmonic oscillators with equal
frequencies have an invariant that is a generalization of the Ermakov-Lewis invariant for the
single time dependent harmonic oscillator.

1. Introduction

Time dependent harmonic oscillators arise in several branches of physics, from classical
mechanics to quantum mechanical systems such as optical trapping of atoms and molecules
[1, 2, 3, 4].

The wavefunction of time independent harmonic oscillators has been reconstructed in ion-laser
interactions [5] and quantized fields in cavities [6], and ways to overcome the effects of harming
environments, that cause decoherence effects and therefore the destruction of nonclassical states
of quantum systems, have been put forward [7, 8].

The extensions from single harmonic oscillators to coupled time dependent harmonic
oscillators may be found in ion-laser interactions [1, 2, 3], quantized fields propagating through
dielectric media [9], shortcuts to adiabaticity [10], the Casimir effect [11] to name some.

Constants of motion are of central importance in the study of dynamical systems. In
particular, invariants in mechanical systems for time dependent Hamiltonian have attracted
considerable interest over the years [12] and, in particular, time dependent harmonic oscillators
(TDHO) have attracted attention due to their applications in several areas of physics [13, 14].

The most relevant cases are the linear potential [15], that may be produced in classical optic
[16], and the quadratic spatial dependence that leads to the quantum mechanical time dependent
harmonic oscillator (QM-TDHO) [17].

On the other hand, the simple extension to two coupled time dependent harmonic oscillators
has been considered and its solution presented by Macedo and Guedes for a very limited case of
time dependent functions [18]. This approach has been improved by the use of transformations
that use orthogonal functions invariants [17] that simplifies the coupled harmonic oscillators
Hamiltonian [19].

The QM-TDHO has been solved under various scenarios such as time dependent mass [20, 21]
and applications of invariant methods have been used in adiabatic regimes [22] for the control
of quantum noise [23] and the propagation of light in waveguide arrays [24, 25, 26, 27, 28, 29].
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Moreover, the time evolution of time dependent harmonic oscillators my be treated via complex
nonlinear Riccati equations [30, 31].

The main purpose of the present contribution is to obtain a generalization of the single
harmonic oscillator Ermakov-Lewis invariant [32] to the case of two coupled harmonic oscillators,
when the frequencies associated to the individual oscillators are equal. Although Thylwe and
Korsche [33] have given a ’Ermakov-Lewis invariant’ for the case of N coupled oscillators [34], we
give here an invariant, for the two oscillators case, that has the same form as the one introduced
by Lewis [32], and therefore, an auxiliary function that obeys Ermakov equation is needed in
the invariant.

2. Lewis invariant

In the sixties, Lewis introduced a quantity called the invariant of the form (throughout the
manuscript we will set h̄ = 1)

Îx =
1

2

(
x̂2

ρ2x
+ [ρxp̂x − ρ̇xx̂]2

)
, (1)

with ρx an auxiliary function that obeys the Ermakov equation

ρ̈x + Ω2
x(t)ρx =

1

ρ3x
, (2)

and that, consequently, takes the name Ermakov-Lewis invariant. The operator given in (1) is
invariant in the sense that

∂Îx
∂t

+ i[Îx, Ĥx] = 0, (3)

with Ĥx the Hamiltonian for a (one-dimensional) single time dependent harmonic oscillator

Ĥx(t) =
1

2

[
p̂2x + Ω2

x(t)x̂2
]
. (4)

We may note in the invariant (1) two main ingredients: a displacement in momentum by the
position operator and the amplification or de-amplification of position or momentum operators,
i.e., squeezing [35, 36, 37, 38]. These ingredients, converted into unitary transformations, give

D̂f = e−
i
2
f(t)x̂2 , Ŝg = ei

g(t)
2

(x̂p̂x+p̂xx̂), (5)

were we used to write a solution to the TDHO Hamiltonian [17]. In the above equation, by

taking f(t) = ρ̇x
ρx

and g(t) = ln ρx, the time dependence in the Hamiltonian (4) may be factorized
yielding an easy way to write the evolution operator for the transformed Hamiltonian. On the
other hand, if the functions f(t) = u̇x

ux
and g(t) = lnux are used, where the auxiliary function is

solution of the classical equation of motion

üx + Ω2
x(t)ux = 0, (6)

the term proportional to x̂2 is eliminated from the Hamiltonian, i.e., yielding a free particle [17].
A relation between the auxiliary functions that simplify the Hamiltonian (4) may be obtained

as

ux = ρx cos

(∫
dτ

ρ2x

)
, ρx = ux

√
1 +

(∫
dτ

u2x

)2

, (7)

such that, once we may solve equations (2) or (6), we may find the other auxiliary function.
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3. Coupled time dependent harmonic oscillators

We consider the time-dependent Hamiltonian for two interacting harmonic oscillators (we set
the masses equal to one)

Ĥ(t) =
1

2

[
p̂2x + p̂2y + κx(t)x̂2 + κy(t)ŷ

2
]

+ κ(t)(x̂− ŷ)2, (8)

with κ’s being the time-dependent spring parameters. By setting

Ω2
x(t) = κx(t) + κ(t), (9)

and
Ω2
y(t) = κy(t) + κ(t) (10)

and η(t) = −2κ(t), such that we end up with a Hamiltonian of the form

Ĥxy(t) =
1

2

[
p̂2x + p̂2y + Ω2

x(t)x̂2 + Ω2
y(t)ŷ

2
]

+ η(t)x̂ŷ, (11)

whose classical equations of motion are

üx + Ω2
x(t)ux = −η(t)uy, üy + Ω2

y(t)uy = −η(t)ux. (12)

If we consider the case of equal frequencies Ωx(t) = Ωy(t) = Ω(t), the Hamiltonian above reduces
to

Ĥxy =
1

2

[
p̂2x + p̂2y + Ω2(t)x̂2 + Ω2(t)ŷ2 + 2η(t)x̂ŷ

]
. (13)

It is not difficult to show that for this Hamiltonian it exists an invariant of the form

Îxy =
(x̂+ ŷ)2

ρ2
+ [ρ(p̂x + p̂y)− ρ̇(x̂+ ŷ)]2, (14)

because

[Îxy, Ĥxy] = i

{
1

ρ2
+ ρ̇2 − [Ω2(t) + η(t)]ρ2

}
[(x̂+ ŷ)(p̂x + p̂y) + (p̂x + p̂y)(x̂+ ŷ)]

− 2iρρ̇(p̂x + p̂y)
2 + 2iρρ̇(x̂+ ŷ)2[Ω2(t) + η(t)],

(15)

and

∂Îxy
∂t

= −(ρρ̈+ ρ̇2)[(x̂+ ŷ)(p̂x + p̂y) + (p̂x + p̂y)(x̂+ ŷ)]

+ 2ρρ̇(p̂x + p̂y)
2 + 2

(
ρρ̇− ρ̇

ρ3

)
(x̂+ ŷ)2, (16)

such that
∂Îxy
∂t

+ [Îxy, Ĥxy] = 0. (17)

The invariant (14) has the same structure of the Ermakov-Lewis invariant (1) for the single
time dependent harmonic oscillator. It is easy to prove that the auxiliary function, ρ, obeys the
Ermakov equation

ρ̈+ [Ω2(t) + η(t)]ρ =
1

ρ3
. (18)
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4. Solution for equal frequencies

We now consider the time-dependent transformation [17]

T̂v = ei
ln v(t)

2
(x̂p̂x+p̂xx̂)e

−i v̇(t)
2v(t)

x̂2
ei

ln v(t)
2

(ŷp̂y+p̂y ŷ)e
−i v̇(t)

2v(t)
ŷ2

(19)

that produces the set of transformed quantities

T̂vx̂T̂
†
v = vx̂

T̂vŷT̂
† = vŷ

T̂vp̂xT̂
† =

p̂x
v

+ v̇x̂,

T̂vp̂yT̂
†
v =

p̂y
v

+ v̇ŷ,

(20)

where v is the solution of the equation

v̈ + [Ω2(t) + η(t)]v = 0. (21)

If we transform the wave function with the transformation above, i.e.,

|φv(t)〉 = T̂v|ψ(t)〉, (22)

the Schrödinger equation

i
∂|ψ(t)〉
∂t

= Ĥ(t)|ψ(t)〉 (23)

needs to be transformed. We do it by substituting (22) into (23) which gives

i

(
T̂ †v
∂|φv(t)〉
∂t

+
∂T̂ †v
∂t
|φv(t)〉

)
= Ĥ(t)T̂ †v |φv(t)〉. (24)

By noting that

∂T̂ †v
∂t

=
i

2
T̂ †v

[(
vv̈ − v̇2

)
x̂2 − v̇

v
(p̂xx̂+ x̂p̂x) +

(
vv̈ − v̇2

)
ŷ2 − v̇

v
(p̂yŷ + ŷp̂y)

]
, (25)

such that

i
∂|φv(t)〉
∂t

=
1

2

[
p̂2x
v2

+
(
Ω2v + v̈

)
vx̂2 +

p̂2y
v2

+
(
Ω2v + v̈

)
vŷ2 + 2η(t)v2x̂ŷ

]
|φv(t)〉, (26)

from (21), we may rewrite the Schrödinger equation as

i
∂|φv(t)〉
∂t

=
1

2

[
p̂2x
v2

+
p̂2y
v2
− η(t)v2 (x̂− ŷ)2

]
|φv(t)〉. (27)

Now, performing a second transformation, |φθ〉 = R̂θ|φu〉, with R̂θ = exp[iθ(x̂p̂y − ŷp̂x)]

i
∂|φθ〉
∂t

= Ĥθ(t)|φθ〉 (28)
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which transform the relevant operators according to

R̂θx̂R̂
†
θ = x̂ cos θ − ŷ sin θ,

R̂θŷR̂
†
θ = ŷ cos θ + x̂ sin θ,

R̂θp̂xR̂
†
θ = p̂x cos θ − p̂y sin θ,

R̂θp̂yR̂
†
θ = p̂y cos θ + p̂x sin θ,

(29)

and by setting θ = π/4 we obtain the integrable equation

i
∂|φθ(t)〉
∂t

=

[
p̂2x + p̂2y
2v2(t)

− η(t)v2ŷ2

]
|φθ(t)〉. (30)

In the above equation we may see that we have a time dependent harmonic oscillator Hamiltonian
in the variable y, while a free particle in the variable x, whose solutions are well known [39].

5. Conclusions

We have shown that the Ermakov-Lewis invariant for the (one-dimensional) single time
dependent harmonic oscillator can be generalized to the two-coupled harmonic oscillators case
when equal time dependent frequencies are considered. The Invariant keeps the same structure
as well as the Ermakov equation that needs to be solved, replacing the time dependent frequency,
Ω2(t), by an effective frequency, Ω2(t) + η(t).
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