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A novel complementary variables formulation, permits the obtainment of invariants of a mechanical 
system following the rationale of Abel’s differential equation identity. This approach allows for the 
decomposition of the total energy of the system into the energy of the object and the dynamic energy of 
the field. The force acting on the object must be linear in the spatial variable but is arbitrary in the time 
variable. Several examples, such as the time dependent harmonic oscillator and a swing are described 
with this complementary variables formulation. The exact solution for the energy of a Lorentz pendulum 
with uniformly varying length is presented.
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1. Introduction

The time dependent harmonic oscillator (TDHO) has an ubiqui-
tous role in many areas of physics, ranging from particle accel-
erators dynamics [1] to geodesic equations [2]. Radio frequency 
ion traps or Paul traps are described by an electric quadrupole 
potential with sinusoidal time modulation. The Mathiew differen-
tial equation describes this time periodic potential and has been 
extensively studied in Floquet theory. More recently, atomic stabi-
lization in superintense laser fields has led to two forms of atomic 
stabilization, quasistationary (adiabatic) and dynamic stabilization 
depending on the laser pulse temporal shape [3]. These schemes 
ultimately depend on the way the time varying parameter is ap-
proximated in the TDHO equation.

The archetypal macroscopic classical mechanical system with 
a time dependent linear restoring force is the simple pendulum 
with mass reconfiguration in the small angle approximation [4]. 
Although similar systems, the pendulum with varying length (self-
excited) and a pendulum with varying support (parametrically 
forced pendulum) exhibit different dynamics even within the per-
turbation regime [5]. The pumping of a swing has been described 
using these models, not always leading to consistent results. En-
ergy transfer between the oscillator and the time dependent field 
is often dealt with qualitative arguments due to the lack of a rig-
orous formalism.
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In the microscopic domain, at the outset of quantum theory, the 
time dependent harmonic oscillator became all important in order 
to establish the quantization condition. It was evoked by Henrik 
Lorentz at the first Solvay conference in 1911, when he posed the 
problem of a shortening pendulum [6, p. 450]. Two replies were 
given on that occasion 106 years ago, one by Einstein regarding 
the adiabatic limit studied by Ehrenfest [7] and the other by War-
burg who evoked the abrupt regime undertaken by Galileo. The 
energy of an atomic ensemble under adiabatic changes was care-
fully assessed by Ehrenfest and was shown to be consistent with 
quantum theory [8]. The theory of adiabatic invariants, first devel-
oped in statistical and classical mechanics [9,10], was thereafter 
extended to other areas of physics such as light pulses with slowly 
varying amplitude envelope. Oddly enough, the name adiabatic 
was coined in thermodynamics referring to systems without heat 
transfer. Nonetheless, the way it is used in other fields of physics 
corresponds to the quasi-static approximation in thermodynamics. 
A mechanical system with a time dependent force in the oppo-
site limit of abrupt parameter change, was discussed by Galileo 
while describing ‘naturally accelerated motion’ [11,12]. The intu-
itive ideas of energy and constants of motion were introduced at 
the time, by establishing the constant height which the pendulum 
bob achieves while varying the length in discrete steps.

The major difficulty to be solved in mechanical systems with 
explicitly time dependent forces, is to establish the energy trans-
fer between the object and the field. A related problem is finding 
an invariant proportional to the total energy of the oscillator-field 
system. The underlying trouble being that it can no longer be 
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ascertained that the time dependent Hamiltonian represents the 
oscillator’s energy [13].

In the present paper, a quantity similar to the Wronskian is 
obtained in section 2 from a second order ordinary differential 
equation and its derivative. The invariant arising from this com-
plementary variables procedure is related to the total energy of 
the system. The energy transfer between the oscillator and the 
time dependent field is obtained from one of the additive terms in 
the invariant expression. Another conserved quantity using a dif-
ferent pair of complementary variables, derived in section 3, is the 
Ermakov exact invariant [14,15]. This constant permits the decou-
pling of the amplitude and phase differential equations as shown 
in section 4. Several examples are analyzed in section 5 to exhibit 
the capabilities of the formalism. Subsection 5.4 presents the exact 
solution to the simple pendulum with uniformly varying length. 
The interplay between physics and mathematics is decisive in or-
der to establish the appropriate invariants and attribute a physical 
meaning to the different terms.

2. Energy invariant

Consider the non autonomous second order ordinary differen-
tial equation with linear restoring force (LRF)

mẍ + κx = 0, (1)

where m is the object’s constant mass, x describes its position 
in one spatial dimension, the dots represent differentiation with 
respect to time and −κx is the restoring force. The system is re-
quired to be linear in the spatial domain. In particular, the force 
is linear in the spatial coordinate but the stiffness coefficient κ
is allowed to have an arbitrary time dependence κ = κ (t). We 
refer to this equation with the prototypical name as the time de-
pendent harmonic oscillator equation. The time dependent potential 
is V = 1

2 κx2. A differential equation with a first order deriva-
tive term hẋ, can always be eliminated via the transformation 
x �→ xt exp[−1/2 

∫
hdt]. Therefore, Eq. (1) encompasses the general 

case. This equation is sometimes written in the literature as

ẍ + �2x = 0, (2)

where �2 (t) is the time dependent parameter. The dependence of 
this restoring parameter in terms of other variables depends on 
the physical system, for example, for the lengthening pendulum 
�2 (t) = g

l(t) . Evaluate the derivative of the TDHO equation

m
...
x + κ ẋ + κ̇x = 0,

that may be written, using the TDHO equation as

m
...
x − m

κ̇

κ
ẍ + κ ẋ = 0.

Let v = ẋ represent the velocity function, the above equation is 
then

mv̈ − m
κ̇

κ
v̇ + κv = 0. (3)

This is a TDHO type equation but with an extra term involving a 
first derivative. Although the first derivative could be avoided with 
the transformation v → vt

√
κ , it will prove better to retain this 

term.
The coordinate variable is associated with potential energy 

whereas the velocity variable is associated with kinetic energy. The 
position second order ordinary differential equation (ODE) (1) is 
then related to the evolution of the potential energy of the sys-
tem, whereas the velocity second order differential equation (3) is 
related to the evolution of the system’s kinetic energy. Provided 
that the system is closed, the total energy must be the sum of 
these two forms of energy. It is in this sense, that the position and 
velocity variables are complementary. A similar notion between 
complementary fields has been developed in field theory [16]. Fur-
thermore, we expect the total energy to be conserved, thus, the 
energy of the system must be the same at all times. Therefore, we 
seek an appropriate combination of these two equations in such a 
way that an expression in terms of a total time derivative is ob-
tained. The following procedure renders the required solution.

2nd order ODEs invariant obtention algorithm:
Given two second order ordinary differential equations, evaluate the 

product of the solution of one of them times the other differential equa-
tion and viceversa. Take the difference between the two expressions. An 
invariant is obtained from integration of this result.

This procedure applied to two solutions of the same second or-
der ODE without first derivative term gives the usual Wronskian 
expression. If a first order derivative term exists, Abel’s differential 
equation identity is recovered. However, in the present approach, 
the ODE’s are different in general, thus there is no need to con-
sider two linearly independent solutions of the same equation but 
merely a solution to each of them, possibly the general solution. 
Invariants obtained by the Sarlet–Bahar method [17,18] can also 
be derived with this procedure together with the appropriate non-
linear transformations.

Evaluate the 2ODEs invariant algorithm beginning with equa-
tions (1) and (3), that correspond to the position and velocity 
variables. For each differential equation, take the product with the 
solution to the other equation, i.e. v times Eq. (1)

mvẍ + κvx = 0, (4a)

and x times Eq. (3)

mxv̈ − m
κ̇

κ
xv̇ + κxv = 0. (4b)

The difference between these two equations1 is

m
d

dt
(vẋ − v̇x) + m

κ̇

κ
xv̇ = 0,

where the second derivatives were rewritten using the identity 
vẍ − xv̈ = d

dt (vẋ − v̇x). This equation is integrated to give the in-
variant

Q 10 = m (vẋ − v̇x) +
∫

m
κ̇

κ
xv̇dt.

The invariant’s subindices indicate the order of the derivative in 
each variable. Q 10 implies that v is a first order derivative of the 
solution and x a zeroth order derivative. Since v̇ = ẍ = − κ

m x, this 
invariant can be written as

Q 10 = mv2 + κx2 −
∫

κ̇x2dt = 2T + 2V −
∫

κ̇x2dt. (5)

The first two terms are readily recognized to be twice the sum of 
the kinetic and potential energies of the object. If we abide to the 
convention for energy with the 1

2 factor,

E = 1

2
Q 10 = 1

2
mẋ2︸ ︷︷ ︸
Ek

+ 1

2
κx2︸ ︷︷ ︸
Ep

−1

2

∫
κ̇x2dt︸ ︷︷ ︸

Edf

. (6)

1 Whether the difference (4a)–(4b) is evaluated or the other way around is a mat-
ter of convention. We have chosen to subtract (4b) from (4a) to obtain a positive 
kinetic energy later in the derivation.
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The energy of the object in a static field, that is, in the absence 
of a time varying field, is the familiar sum of kinetic and potential 
energies

Eosc = Ek + Ep, (7)

since the last term is zero if the restoring force coefficient κ is 
time independent. The invariant E is constant and equal to the 
sum of several energies. It must therefore represent the total en-
ergy of the system (oscillator plus field) up to an additive and/or 
multiplicative constant. The field’s energy reference value is equal 
to this additive constant. For example, if the field’s energy refer-
ence is set to E f 0 (ti) at an initial time ti and κ̇ |ti

= 0, the total 
energy E is then equal to the sum of the kinetic and potential en-
ergies of the object plus the energy of the field, E = Eosc +E f 0 (ti). 
Hereafter, this constant initial field’s energy is set to zero. The 
factor of one half in Eq. (6) is an example of scaling by a mul-
tiplicative constant. We refer to the last term in (6) as the dynamic 
field energy

Edf ≡ −1

2

∫
κ̇x2dt. (8)

The energy that the object gains (or looses) is equal to the energy 
that the field looses (or gains) E = Eosc (t)+Edf (t), due to a change 
in the field’s coefficient κ . In SI units, κ = [

kg s−2
]
, x2 = [

m2
]

and 
thus κ̇x2dt = [

kg s−2
] [

s−1
] [

m2
]

[s] = [Nm] has the correct energy 
units. The dynamic field energy in terms of the potential V = Ep , 
is

Edf = −
∫

κ̇

κ
V dt.

The energy of the object Eosc = Ek + Ep , in terms of the dynamic 
field energy is therefore

Eosc = E − Edf = E + 1

2

∫
κ̇x2dt. (9)

This result is exact regardless of how fast κ varies in time. The rate 
of change of the oscillator energy is

dEosc

dt
= −dEdf

dt
= 1

2
κ̇x2. (10)

This formulation thus addresses what we proposed at the outset. 
A first integral of the system’s coordinate and velocity differential 
equations provide an invariant that can be readily associated with 
the total energy of the system. An asset of the formalism is that a 
possibly time dependent potential has been incorporated without 
further ado. The complementary variables solution can reassur-
ingly, also be evaluated from the usual energy considerations in 
simple cases where the oscillator’s energy change can be otherwise 
determined. Consider for example, a one dimensional harmonic os-
cillator with unit mass and time dependent parameter κ = ω2

t4 . The 

solution to the ODE ẍ+ ω2

t4 x = 0, is x = a t cos
(
ω
t

)
, where a is a con-

stant. The amplitude increases linearly in time while the frequency 
decreases as its inverse power. The position x as a function of time 
is depicted in Fig. 1. The energy of the oscillator can be evaluated 
from the sum of the kinetic plus potential energies

Eosc = Ek + Ep = a2

2

(
cos

(ω

t

)
+ ω

t
sin

(ω

t

))2

+ a2ω2

2t2
cos2

(ω

t

)
.

The kinetic energy decreases to 1
2 a2 while the potential energy 

goes to zero in the limit of large t . The energy that the oscilla-
tor looses is expected to be transferred to the field. This is indeed 
Fig. 1. Position (blue), dynamic field energy Edf (orange) and oscillator’s energy Eosc

(green) versus time; a = 0.1, ω = 17. (For interpretation of the colours in the fig-
ure(s), the reader is referred to the web version of this article.)

the case since κ̇ = −4 ω2

t5 , then κ̇x2 = − 
(
4a2ω2/t3

)
cos2

(
ω
t

)
and 

the dynamic field energy (8) is

Edf = −1

2

∫
κ̇x2dt

= 1

4
a2 − 1

2
a2 cos2

(ω

t

)
− a2ω

t
sin

(ω

t

)
cos

(ω

t

)
− a2ω2

2t2
.

The sum of these two energies Edf + Eosc = a2

4 is constant for all 
times.

3. Zeroth and first order invariants

Consider two linearly independent solutions x1, x2 of equa-
tion (1),

mẍ1 + κx1 = 0, (11a)

mẍ2 + κx2 = 0. (11b)

The 2ODEs invariant procedure starting with equations (11a) and 
(11b) gives the invariant

Q 00 = (x2 ẋ1 − ẋ2x1) , (12)

where the subindices follow the notation that both variables in-
volve zeroth order derivatives. This well known result is often in-
voked to obtain, given a particular solution, a linearly independent 
solution. The zeroth order invariant Q 00 is equal to the Wronskian 
of equations (11a)–(11b).

Consider two linearly independent solutions v1, v2 of equa-
tion (3),

mv̈1 − m
κ̇

κ
v̇1 + κv1 = 0, (13a)

mv̈2 − m
κ̇

κ
v̇2 + κv2 = 0. (13b)

The 2ODEs invariant procedure with equations (13a) and (13b)
gives the invariant

Q 11 = (v2 v̇1 − v̇2 v1) −
∫

κ̇

κ
(v2 v̇1 − v̇2 v1)dt, (14)

where the Q subindices indicate that both variables involve first 
order derivatives. Abel’s differential equation identity applied to (3)
gives

W (t) = W (t0)exp

(
−

t∫ (
− κ̇

κ

)
dt

)
= W (t0)

κ (t)

κ (t0)
,

t0
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where W = v2 v̇1 − v̇2 v1. This expression is obtained in the present 
formalism from the derivative of Equation (14).

4. Invariants in the amplitude and phase representation

The TDHO solution in amplitude ρ and phase ϕ variables can 
be written with the mapping

x1 �→ ρ sinϕ and x2 �→ ρ cosϕ.

These solutions are linearly independent provided that ϕ is not 
constant. The zeroth order invariant (12), in the amplitude and 
phase representation is

Q 00 = (x2 ẋ1 − ẋ2x1) = ρ2ϕ̇. (15)

Since the frequency is defined as the derivative of the phase ω ≡ ϕ̇ ,

Q 00 = ρ2ω. (16)

This invariant can also be obtained from a complex polar represen-
tation of the TDHO solution, x = ρeiϕ [19]. Inserting this complex 
solution in (1) produces two equations, the real part is

m

(
−ϕ̇2 + ρ̈

ρ

)
+ κ = 0, (17)

whereas the imaginary part is readily integrated to reproduce (15). 
Substitution of the phase derivative (15) in (17) gives the ampli-
tude nonlinear differential equation

ρ̈ + κ

m
ρ − Q 2

00

ρ3
= 0. (18)

Whereas evaluation of the first and second time derivatives of the 
invariant (16) and substitution of the amplitude in (17) produces 
the frequency nonlinear differential equation

ωω̈ − 3

2
ω̇2 + 2ω2

(
ω2 − �2

)
= 0, (19)

where �2 = κ
m . Solving for κ ,

κ = �2m = m

(
ω2 − 3

4

ω̇2

ω2
+ 1

2

ω̈

ω

)
(20)

Equations (1) and (18) form a so called Ermakov pair and (16)
is the corresponding Ermakov invariant [20]. The relationship of 
this invariant with Noether’s theorem has been pointed out before 
[21,22]. From our point of view, it is more appropriate to conceive 
an Ermakov triplet corresponding to the trajectory (1), amplitude 
(18) and frequency (19) (or phase) differential equations. The Er-
makov invariant Q 00 permits the decoupling of the amplitude and 
phase differential equations.

The energy invariant in amplitude and phase variables is

Q 10 = m
(
ω2ρ2 cos2 ϕ + ρ̇2 sin2 ϕ + 2ωρρ̇ cosϕ sinϕ

)
+ κρ2 sin2 ϕ + 2Edf ,

since v = ẋ1 = ϕ̇ρ cosϕ + ρ̇ sinϕ . Using (20), the energy invariant 
can be written as

Q 10 = mρ2ω2 + m

(
ρ̇2 − 3

4

ω̇2

ω2
ρ2 + 1

2

ω̈

ω
ρ2

)
sin2 ϕ

+ 2mωρρ̇ cosϕ sinϕ + 2Edf . (21)

This expression exhibits the usual mρ2ω2 energy dependence if ρ , 
ω and κ are constant. The Q 10 invariant can be written solely in 
the frequency (or amplitude) variable invoking (15)
Q 10 = mQ 00

(
ω +

(
−1

2

ω̇2

ω3
+ 1

2

ω̈

ω2

)
sin2 ϕ − ω̇

ω
cosϕ sinϕ

)

− Q 00

∫
κ̇

ω
sin2 ϕdt. (22)

If the frequency derivatives are zero Q 10 = mQ 00ω. These expres-
sions establish the relationship between the energy and the Er-
makov invariants.

5. Oscillator energy from total system energy conservation

The oscillator’s energy can be obtained from the sum of its 
kinetic and potential energy Eosc = Ek + Ep or from energy con-
servation of the system including the dynamic field energy Eosc =
E − Edf . The dynamic field energy, in amplitude and phase vari-
ables is

Edf = −1

2

∫
κ̇ρ2 sin2 ϕ dt = −1

2
m

∫
�̇2ρ2 sin2 ϕ dt, (23)

where �2 = κ
m and ϕ = ∫

ωdt . From the zeroth order invari-
ant (16), the amplitude ρ can be written in terms of the frequency

Edf = −mQ 00

∫
��̇

ω
sin2

(∫
ωdt

)
dt. (24)

The oscillator energy Eosc = E−Edf in amplitude or frequency vari-
ables is

Eosc = E + 1

2

∫
κ̇ρ2 sin2

(∫
Q 00

ρ2
dt

)
dt

= E + 1

2
m

∫
�̇2 Q 00

ω
sin2

(∫
ωdt

)
dt.

In the following subsections we analyze some typical cases to ex-
hibit the capabilities of the formalism.

5.1. Constant

If the field does not vary in time, κ̇ = 0, the dynamic field 
energy is then zero, Edf = 0. The oscillator energy is therefore con-
stant Eosc = E , as expected.

5.2. Adiabatic

In the adiabatic approximation, the field varies slowly during a 
local period of the oscillator. The frequency of the oscillator ω, in 
terms of the time varying parameter �2 is given by the solution to 
the nonlinear ODE (19). To first order in the frequency variation, 
from (20),

ω2 ≈ �2,

where the squared first order and second order frequency deriva-
tives have been ignored. The dynamic field integral, from (24) is

E(adiab)

df = −mQ 00

∫
�̇ sin2 ϕ dt,

where ϕ = ∫
ωdt ≈ ∫

�dt . The average over the local period τ is

E(adiab)

df = −mQ 00

∫ 〈
�̇ sin2 ϕ

〉
τ

dt,

but 
〈
�̇ sin2 ϕ

〉
τ

= �̇
〈
sin2 ϕ

〉
τ

= �̇
2 since �̇ is approximately con-

stant within a period. The dynamic field integral is then

E(adiab)

df = −1
mQ 00

∫
�̇dt = −1

mQ 00�.

2 2



M. Fernandez-Guasti / Physics Letters A 382 (2018) 3231–3237 3235
The well known linear frequency dependence of the oscillator’s 
energy E (adiab)

osc = E − Edf = E + 1
2 mQ 00�, is thus obtained in an 

economical way.2 For a harmonic oscillator, � =
√

κ
m , whereas for 

a pendulum with varying length l, the energy in the adiabatic ap-
proximation is

E(adiab)
osc = E + 1

2
mQ 00

√
g

l
. (25)

Notice that this expression is independent of the initial phase of 
the oscillator. In this case, the system is insensitive to the initial 
conditions. Littlewood’s results [24] are readily obtained retain-
ing the appropriate terms in (20). The remarkable accuracy of the 
adiabatic approximation has been mentioned before in diverse sce-
narios [1]. The reason for such accuracy can now be understood 
from (20). The last two terms, ignored in the adiabatic approxi-
mation, are not dependent on the magnitude of the frequency due 
to the quotients involved. Furthermore, the first order frequency 
derivative is only present in a squared term.

5.3. Abrupt

Consider a simple pendulum with variable length l, the restor-
ing coefficient in this case is �2 = g

l , where g is the gravity con-
stant on the earth’s surface. The energy of the pendulum, from (23)
is

Eosc = E − Edf = E − mg

2

∫ (
l̇

l2

)
ρ2 sin2 ϕ dt. (26)

Let θ be the angle between the string of length l and the vertical 
plane. The relationship between the angle θ and the phase ϕ , for 
small oscillation angle θ , is then

θ = x

l
= ρ

l
sinϕ. (27)

In Salviati’s experiment, a nail is quickly placed along the vertical 
line while the pendulum is swinging [12]. The pendulum length 
varies abruptly when it passes through the equilibrium position, 
that is at θ = ϕ = 0. Thus, ρ2 sin2 ϕ is zero whenever l̇ is differ-
ent from zero and l̇ is zero when ρ2 sin2 ϕ is different from zero. 
Therefore, the integrand in (26) is zero at all times and the en-
ergy of the pendulum is conserved. In Galileo’s argument, Salviati 
asserts that the pendulum always reaches the same height. An 
admirable way to state potential energy conservation when the 
concept of energy had not yet been developed.

5.4. Pendulum with uniformly varying length

Consider a simple pendulum with uniformly changing string 
length l (t) = l0 + v0t , where l0 is the initial length and l̇ = v0 its 
constant rate of change. Equation (2) with �2 (t) = g

l(t) = g
l0+v0t has 

a solution [25]

x = √
l

(
c1 J1

(
2
√

g l

v0

)
+ c2Y1

(
2
√

g l

v0

))
,

where J1

(
2
√

g l
v0

)
and Y1

(
2
√

g l
v0

)
are Bessel functions of order one 

of the first and second kinds respectively and c1, c2 are arbitrary 
constants. The derivative of the time dependent coefficient is κ̇ =
−mg

l2
l̇ = −mg

l2
v0 and the dynamic field energy, from (8) is then

2 In the adiabatic approximation, the ratio of energy over frequency is a constant 
of motion [23].
Edf = −1

2

∫ (
−mg

l2
v0

)(
v2

0

4g

)
l

(
c1 J1

(
2
√

gl

v0

)

+ c2Y1

(
2
√

gl

v0

))2

dt.

The pendulum’s energy, performing the integration is

Eosc = E + 1

8
mv2

0

[(
c2

1 + c2
2

)
1 F2

(
1

2
;1,2;−4gl

v2
0

)

+ 2c2
2√
π

G3,0
2,4

(
4gl

v2
0

∣∣∣∣ − 1
2 , 1

2−1,0,0,− 1
2

)

+ 2c2c1√
π

G2,1
2,4

(
4gl

v2
0

∣∣∣∣ 1
2 ,− 1

2
0,0,−1,− 1

2

)]
, (28)

where 1 F2 is the generalized hypergeometric function and G3,0
2,4, 

G2,1
2,4 are Meijer-G functions. This result is the exact solution to the 

problem posed by Lorentz 106 years ago. The simple solution with 
c2 = 0 for the displacement x, requires that the pendulum is at the 
equilibrium position x = 0, at the initial time t = 0; 2

√
g l0

v0
is then 

a zero of the Bessel function J1. The energy of the pendulum is 
then

Eosc = E + 1

8
mv2

0c2
1 1 F2

(
1

2
;1,2;−4g (l0 + v0t)

v2
0

)
.

The limit of the hypergeometric function when the argument is 
very large is

lim
4gl�v2

0

{
1

8
mv2

0c2
1 1 F2

(
1

2
;1,2;−4gl

v2
0

)}
= 1

8
mv2

0c2
1

1

π

v0√
gl

.

This limit must be equal to the solution in the adiabatic ap-
proximation (25). The constant c2

1 comparing both results is c2
1 =

4π Q 00
g

v3
0

. The exact oscillator’s energy is then

Eosc = E −Edf = E + 1

2
mQ 00

gπ

v0
1 F2

(
1

2
;1,2;−4g (l0 + v0t)

v2
0

)
.

(29)

The oscillator energy decreases as the pendulum is lengthened. 
A typical plot of the pendulum energy as a function of time is 
shown in Fig. 2. The initial length is l0 = 7 m, the lengthening 
velocity is v0 = 8 ms−1, m = 1 and Q 00 = 2. The energy time 
evolution in the exact result is strongly dependent on the initial 
conditions. In physical terms, the system is very sensitive to the 
position of the pendulum when the pendulum begins to lengthen. 
Nonetheless, the exact solution always oscillates about the adia-
batic solution. For very long times, the system ‘forgets’ the initial 
conditions and the exact and adiabatic solutions converge to the 
same value. Different expressions have been used in the litera-
ture for the energy of the pendulum’s bob either in the exact [26]
or adiabatic approximations [24,27]. Formulae (28) and (25) estab-
lish the correct pendulum’s energy content. These two expressions 
are consistent in the small velocity limit. Furthermore, the series 
expansion of the exact solution for the energy [Eq. (28)] should 
be consistent with the JWKB series approximation of the trajec-
tory [28].



3236 M. Fernandez-Guasti / Physics Letters A 382 (2018) 3231–3237
Fig. 2. Pendulum energy as a function of time for v0 = 8 ms−1. Exact analytical 
solution given by Eq. (29) in blue, adiabatic approximation given by Eq. (25), smooth 
curve in orange.

5.5. Periodically varying length

The differential equation for a pendulum with varying length 
for small angle θ is

θ̈ + 2
l̇

l
θ̇ + g

l
θ = 0.

The corresponding equation for the centre of mass horizontal dis-
placement x = lθ is

ẍ +
(

g

l
− l̈

l

)
x = 0. (30)

Then, �2 = g
l − l̈

l and its derivative is

�̇2 =
(

− g

l2
l̇ + l̇ l̈

l2
−

...
l
l

)
. (31)

For a sinusoidal modulation length

l = l̄ + δl = l̄ + lm sin (�mt + φm0) ,

where l̄ is the average length, lm is the amplitude of the modula-
tion, �m is the frequency of the length’s modulation and φm0 is 
the initial phase of the modulation with respect to the systems os-
cillations. The derivative of the time dependent parameter (31) is

�̇2 =
(
�3

m − �̄2�m

)
cos (�mt + φm0)

lm

l̄
+ O 2+( lm

l̄

)
, (32)

where �̄2 = g/l̄ and O 2+ represents terms of second or higher 
order in the argument. The leading term is dominant if the modu-
lation amplitude lm is small. The dynamic field energy for periodic 
modulation to first order in lm

l̄
and approximating the pendulum’s 

motion to its unperturbed behaviour, is

Edf = −1

2
mQ 00

lm

l̄
�̄�m

(
�2

m

�̄2
− 1

)

×
∫

cos (�mt + φm0) sin2 (
�̄t

)
dt. (33)

If the modulation frequency is equal to the unperturbed oscillator 
frequency �m = �̄, from (32), �̇ = 0. The dynamic field energy 
is then zero and there is no energy transfer between the oscillator 
and the field. If the modulation frequency is twice the unperturbed 
Fig. 3. Pendulum parameters as a function of time. Centre of mass oscillation 
x = ρ sin

(
�̄t

)
(lower curve in red) and pendulum’s length l = l̄ − lm sin

(
2�̄t

)
(up-

per curve in green). Crouching at the extrema and straightening at the equilibrium 
position achieves maximum energy transfer in a swing.

oscillator frequency �m = 2�̄, the integral in (33) over a period 
is

1

2π

τ∫
0

cos
(
2�̄t + φm0

)
sin2 (

�̄t
)
�̄dt = −1

4
cosφm0.

The maximum energy transfer to the oscillator is obtained when 
φm0 = π and extreme attenuation is obtained for φm0 = 0. Con-
sider, for example, maximum amplification, l = l̄ − lm sin

(
2�̄t

)
, 

x = ρ sin
(
�̄t

)
, as shown in Fig. 3. In a swing where the person can 

stand on the seat, crouching at the extreme positions and straight-
ening when passing at the equilibrium position achieves maximum 
energy transfer. The evolution of the dynamic field energy is ob-
tained from integration of the indefinite integral,

Edf (t) = −3mQ 00
lm

l̄
�̄

(
�̄t

4
− 1

4
sin(2�̄t) + 1

16
sin(4�̄t)

)
.

The rate of change of the oscillator energy with periodic modula-
tion from (10) and (33), is

dEosc

dt
= −mQ 00

lm

l̄
3�̄2 cos

(
2�̄t

)
sin2 (

�̄t
)
.

A representative plot of the swing energy function and its deriva-
tive are drawn in Fig. 4. The energy gain over a period is

Eosc (τ ) = −Edf (τ ) = E + 3

2
πmQ 00

lm

l̄
�̄.

Some of these results have been qualitatively deduced, for ex-
ample: i) The necessity of a modulation with double the natural 
frequency [29]; ii) Lengthening of the pendulum at the extreme 
positions and shortening in the middle has been inferred from 
Coriolis force, qualitative energy considerations [4] and qualita-
tive investigation of the governing differential equation [30]. The 
oscillator energy has been obtained here from the dynamic field 
energy. Another approach to the problem is to consider the solu-
tions to the differential equation (30) and therefrom evaluate the 
sum of kinetic and potential energy. Since the time dependent pa-
rameter �2 is periodic, the solution in the linear regime, according 
to Floquet theory, is a periodic function times the characteristic 
multiplier. Based on this analysis, it is possible to establish the 
pumping and stability of the system [30,31]. Recently, a nonlinear 
version of Floquet theorem has been presented in terms of ampli-
tude and phase variables [32] that may prove useful to tackle this 
problem. It is also possible to solve the differential equation nu-
merically. Zevin et al. [30] report two solutions x1 (τ ) and x2 (τ )
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Fig. 4. Oscillator energy Eosc = −Edf (blue increasing curve) and its derivative 
Ėosc = −Ėdf (ocre lower oscillating curve) as a function of time for a modulation 
frequency twice the unperturbed oscillator frequency �m = 2�̄ and θ = π out of 
phase with respect to the oscillator phase.

where one of the pendulum’s length extrema coincides with the 
solutions extrema. The solution presented in Fig. 3 for maximum 
energy transfer, seems to lie in between these two solutions. How-
ever, a more detailed analysis is required to make an appropriate 
comparison of results.

6. Conclusions

The energy of an object subject to a force field linear in the po-
sition but with arbitrary time dependence has been addressed. The 
complementary variables algorithm permits the obtainment of an 
invariant from any two second order differential equations. Three 
invariants have been derived here, Q 00, Q 11, and Q 10. Invariants 
involving higher order derivatives can be similarly derived. These 
results are reminiscent of the infinite set of conserved quantities 
obtainable for free fields [33].

A major asset of this complementary variables formalism is that 
it admits a potential with arbitrary time dependence. The Q 10 in-
variant has been shown to be proportional to the total energy of 
the oscillator–field system even if there is an energy transfer be-
tween the object and the field. This conserved quantity has been 
written as the sum of the object’s energy plus the dynamic field 
energy 1

2 Q 10 = (
Ek + Ep

) + Edf [Eq. (6)]. The term ‘dynamic field 
energy’ has been coined to describe the energy that the time vary-
ing field exchanges with the object. Furthermore, the dynamic field 
energy term Edf = − 1

2

∫
κ̇x2dt , holds true regardless of whether 

the time dependent parameter κ varies abruptly or in an adiabatic 
fashion.

The question raised by H. Lorentz at the 1911 Solvay conference 
regarding the energy of a shortening pendulum has been formally 
answered by Eq. (9) with κ̇ = −mg

l2
l̇. The exact analytical solution 

for the energy of a pendulum in the small amplitude limit with 
uniformly varying length is given by Eq. (28). In the course of this 
paper, we referred to energy exact solutions after 106 years. The 
reader may wonder why we did not choose 379 years, taking as 
reference Galileo’s Discorsi. The reason being that, as shown in 
subsection 5.3, Galileo’s results are exact and this procedure only 
corroborates Salviati’s assertions for the abrupt length alteration at 
zero angle.

I am greatly indebted to Prof. A. Gil-Villegas for his acute com-
ments. I dedicate this manuscript to Prof. Alonso Fernández, “Quien 
imbuyó en mi su admiración por Galileo”.
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