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introduction

The quadratic iteration with hyperbolic numbers has been studied by several
authors [1, 2]. Numeric evaluation of the quadratic iteration for initial z0 = 0
9
gives rise to a square centered at − 78 with sides equal to 4√
≈ 1.591. The square
2
diagonals lie parallel to the real and hypercomplex axes. It has been shown that
if the bound criterion for a hyperbolic number a + bê1 (ê1 · ê1 = 1, ê1 ∈
/ R,)
is a2 ≤ ε and b2 ≤ ε, the bound set is equal to a square [3]. This set is
the counterpart of the Mandelbrot set for complex numbers but in the two
dimensional hyperbolic geometry. The boundary for the hyperbolic set, is made
up of four straight lines void of the complexity shown by the M-set. There are
neither small-copies of the set nor a structure within the bound
 region as can
be seen in figure 1. All points in the real axis interval −2, 41 yield bounded
iterations. These points are common to both, the complex and the hyperbolic
sets, since the reals are a subset in both cases.
The sets obtained for arbitrary initial point z0 give rise to rectangles [3]. These
rectangles obtained for the hyperbolic case, are the twins of the Julia sets Kc , for
the quadratic iteration in the complex plane. It has been pointed out that if the
bounded criterion is established with the hyperbolic number magnitude a2 −b2 ≤
1
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(a) Bound condition set to a2 , b2 ≤ 4.

-1.1

0.

1.1

2.2

(b) Bound condition set to a2 − b2 ≤ 4.

Figura 1: Bounded set (in light gray) under quadratic iteration of hyperbolic
numbers c2i0H. The bound set is equal for both escape velocity criteria although the velocity maps are quite different (evaluation for each point is circumscribed to 60 iterations).
ε, the confined set need not be rectangles [4]. Nonetheless, numeric evaluations
2
using the hyperbolic number’s magnitude |z| = a2 − b2 still yield squares for
the hyperbolic M-set and rectangular figures for the Kc sets. Panchelyuga et
al. [5] have argued that this result is due to rounding errors introduced by the
computing algorithms when dealing with the difference of very large numbers.
In figures 1a and 1b, we show the numerical results for the hyperbolic M-set
using these two ’bailout’ criteria. The bound set is identical in either case but
the escape velocity contours are much richer in the calculations that estimate
distance with the hyperbolic metric criterion.
In this communication, we introduce a three dimensional hypercomplex algebra that contains the hyperbolic H numbers when only two components are
considered. The hyperbolic or real scator algebra product is associative and
commutative provided that divisors of zero are excluded. However, the product does not distribute over addition but in some special cases. It is possible
to establish well defined rules for the quadratic mapping with real scator algebra. That is, the square and addition operations, although not bilinear, can be
consistently constructed. Furthermore, an order parameter can be established
so that a bound criterion can be employed. The bound set produced by scator
numbers under the quadratic iteration mapping, exhibit small self-similar copies
of the larger set. The boundary of the confined set has a rich structure. The
contours of the iso-escape velocity sets also show rather elaborate patterns.
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hyperbolic scators

Hyperbolic or real scators are hypercomplex numbers that generate a non distributive algebra in 1 + n dimensions {ref. aaca2013}. However, in 1+2 dimensions, when a second hyperaxis is introduced, new divisors of zero arise
and there is no longer distributivity of the product over the sum. Real scator
elements in 1+2 dimensions can be written as ordered triads in R3
o

ϕ= (F0 ; F1 , F2 ) , Fj ∈ R.
The first component with subindex zero is labeled as the scalar component
whereas the subsequent components are termed the director components. Scator
elements are labeled with an oval placed overhead1 .
o

o

The addition operation for scators α, β is defined component-wise
o

o

α + β≡ (A0 ; A1 , A2 ) + (B0 ; B1 , B2 ) = (A0 + B0 ; A1 + B1 , A2 + B2 ) .
The scator set forms a commutative group under the addition operation. The
o

o

product or multiplication operation of two scators, α = (A0 ; A1 , A2 ) and β =
o

oo

(B0 ; B1 , B2 ) is defined by γ = αβ = (G0 ; G1 , G2 ), where the scalar component
of the product is
G0 = A0 B0 + A1 B1 + A2 B2 +

A1 B1 A2 B2
A0 B 0

(1a)

and the director components of the product are
G1 = B0 A1 + A0 B1 +

A2 B 1 B 2
A1 A2 B 2
+
,
A0
B0

(1b)

G2 = B0 A2 + A0 B2 +

A1 A2 B 1
A1 B 1 B 2
+
.
A0
B0

(1c)

In order to have a well defined product, it is necessary that the scalar components are different from zero if two or more director components are different
from zero in both factors
A0 , B0 6= 0 if A1 B1 , A2 B2 6= 0.

(2)

This condition avoids divergences in the definitions of the scalar and director
components. The subspace space E2 ⊆ R3 , where the product is well defined is
then



o o
E2 , · = α, β ∈ E2 : A0 , B0 6= 0 if A1 B1 , A2 B2 6= 0 .
1 \overset{o}

in latex lore
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Hyperbolic 1+2 dimensional scators form a commutative group under the product operation provided that non invertible elements and divisors of zero are
excluded. Elements are invertible if F0 6= F1 , F0 6= F2 , and F0 6= 0 if any
two director elements are different from zero F1 , F2 6= 0 or if both director elements are zero. Furthermore, zero divisors of invertible elements are obtained
if A1 B1 = −A0 B0 and A2 B2 = −A0 B0 are excluded. The subspace E2g where
the product forms a commutative group is



 o o
Ak B k
o o
2
2
6= −1, k = 1, 2 .
Eg , · = α, β ∈ E , · : α, β 6= 0, A0 6= Ak , B0 6= Bk ,
A0 B0
The square of a scator is obtained from the product definition between two equal
scators,
o2

ϕ =



F02

+

F12

+

F22

2F2 F12
2F1 F22
F 2F 2
, 2F0 F2 +
+ 1 2 2 ; 2F0 F1 +
F0
F0
F0



(3)

o

The conjugate of a scator ϕ = (F0 ; F1 , F2 ) is defined by the negative of the
director components while the scalar component remains unchanged
o∗

ϕ ≡ (F0 ; −F1 , −F2 ) .

(4)

o 2

The square of the magnitude of a scator ϕ is given by the scator times its
conjugate is


F 2F 2
o 2
o o∗
ϕ = ϕϕ = F02 − F12 − F22 + 1 2 2 ; 0, 0 .
(5)
F0
Notice that the special relativity metric is recovered for F02  F12 , F22 if the
scalar component is identified with time and the director components with two
spatial axes. On these grounds, an alternative composition of velocities in a
deformed Lorentz metric has been proposed using real scator algebra [6].
In 1+1 dimensions, real scator algebra becomes identical to hyperbolic numbers
algebra as may be readily seen from the product definition with either the
director component with subindex 1 or 2 equal to zero. If we label the axes
(F0 ; F1 , F2 ) by s, ê1 and ê2 ; Either plane s, ê1 or s, ê2 are identical to the
hyperbolic number’s plane.

3

Iterated quadratic mapping

The quadratic mapping is given by
o

o2

o
ϕ = ϕ0 + c,

4

o

o
where the variable ϕ and the constant c are now scator elements. The iterated
function satisfies the recurrence relationship
o2

o

o
ϕn+1 = ϕn + c.
o

o

Julia sets in E2 are obtained by fixing c and letting ϕ0 vary in the real scator
o
set E2 . The points where the sequence ϕn remains bounded comprise the corresponding filled in Julia set in E2 . The Mandelbrot like set is obtained by fixing
o
o
ϕ0 = (0; 0, 0) and varying the parameter c.
Bounded points obtained with the
latter procedure comprise the corresponding M-set in E2 . There are an infinite
number of julia sets on the complex plane. This number increases exponentially with dimension. Moreover, there are also many slices of the M-set in E2
compared with the unique sets obtained in C or H. We propose the following
notation to allow for some sort of orientation in this maze!
c2i confined {2}quadratic iterations, (that can be generalized to cpi for a pth
power polynomial or p→ f unc for other function’s mappings)
• followed by 0 if the intial value of the variable is set to zero or (F0 ; F1 , F2 )
if the inital constant is fixed to (F0 ; F1 , F2 ).
• followed by the number set: R real, C complex, H hyperbolic, En scator
(in 1+n dimensions), etc.
• followed, if necessary, by the plane (D0 ; D1 , D2 ) that is being depicted.
Thus, the Julia set Kc for the point z = a + ib is the c2i(a, b)C set, whereas the
Mandelbrot set in the complex plane is the c2i0C set. The Kc set for hyperbolic
numbers is c2i(a, b)H set and the M-set is c2i0H set. This latter set is depicted
in figure 1b. The confined set is a square with smooth boundary. However,
the layout of the escape values outside the set is already indicative of a richer
structure. Since hyperbolic numbers are equivalent to scators with only one
director component H → E1 , the sets c2i0H and c2i0E1 are equal.
The M-like set for real scators in 1+2 dimensions, according with the proposed
notation, is written as the c2i0E2 set. Consider a constant scator with a very

o
small hypercomplex constant in the second director c = c0 ; c1 , 10−17 . The
bound set, shown in figure 2, changes dramatically compared with the square
(fig. 1) observed when F2 = 0. There is a rich structure within the square
boundary. It is symmetrical with respect to the hypercomplex axis 1 (vertical
axis in the figure). This result is expected since the square of the number plus
the number is an odd function in the components F1 and F2
o2

o

ϕ +ϕ=


F 2F 2
2F1 F22
2F2 F12
F02 + F12 + F22 + 1 2 2 + F0 ; 2F0 F1 +
+ F1 , 2F0 F2 +
+ F2 .
F0
F0
F0
5

On the other hand, the bound set is asymmetrical with respect to the scalar (or
real) axis. Indeed, from the above expression, the transformation F0 → −F0 is
neither odd nor even {does not have a well defined parity}.


Figura 2: c2i0E2 c0 ; c1 , 10−17 set (bounded areas in light gray) under
quadratic iteration for real scators with second director equal to F2 = 10−17
.

3.1

self-similarity - small copies


Let us have a closer look at the negative real axis of the cs2i0E2 c0 ; c1 , 10−17 set
in figure 3. It reveals smaller copies of itself! This result is of course reminiscent
of the self copies of the M-set in the complex plane cs2i0C. The pattern of the
escape velocities in the vicinity of the set is quite complex. It exhibits straight
bands at 45° whenever there is a copy of the large set. Simultaneously there
are well defined curves that resemble arcs of circles or parabolae in the midst of
very complicated structures.
In figure 4, we compare the position of the on axis cardioïds with the selfsimilar copies of the cs2i0E2 c0 ; c1 , 10−17 set. The cardioïds situated between
the Myrberg- Feigenbaum point −1.401 . . . and -2 of the complex Mandelbrot
set, are located at exactly the same positions on the
 real axis as the self- similar rhomb-like figures of the cs2i0E2 c0 ; c1 , 10−17 scator set within computer
error. Furthermore, the relative size of the small cardioïd-like components are
proportional to the relative size of the rhomb-like figures. For example, the
largest of these small copies is located with its cusp at -1.75 and its centre
at -1.754877666. . . . The cusp corresponds to the right hand corner of the
rhomb-like figure located at -1.75.
6

Figura 3: Detail of the
 region between -1 and -2 on the left hand side of the
cs2i0E2 c0 ; c1 , 10−17 set shown in figure 2. Self-similar smaller copies with
different sizes of the rhomb-like figure are observed along the axis!
slices
Julia set cs2i(a, b)E
escatores 2
Éstas definiciones de suma y producto se reducen al caso de los números hiperbólicos dobles si A2 = 0 y la magnitud se reduce a la métrica de Mikowski en
1+1 dimensiones.

• El álgebra de los escatores hiperbólicos contiene divisores de cero.
• Es necesario operar en un espacio restringido donde A0 6= 0, si A1 , A2 6= 0
• Si se excluyen los divisores de cero, el álgebra de los escatores hiperbólicos
es asociativa y conmutativa.
• Sin embargo, no es distributiva. El producto de escatores no distribuye
sobre la suma de escatores.
• Si A2 = 0 ó (A1 = 0) se recupera la distributividad.
2 El álgebra de escatores es conceptualmente cercana a los cuaternios de Hamilton y los
cuaternios conmutativos de Segré. Contiene una componente escalar y versores o directores
que poseen cualidad de dirección.
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Figura 4: Comparison of position between cardioïds in the real axis for the M-set
and self-similar copies of the cs2i0E2 c0 ; c1 , 10−17 scator set. The self- similar
figures are located at exactly the same points (within computer error) on the
real axis for either set.
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